NEW PERSPECTIVES ON SELF-LINKING
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Abstra ct. Weinitiate the study of classical knots through the homotopy classof the nth evaluation map
of the knot, which is the induced map on the compactied n-point con guration space. Sending a knot
to its nth evaluation map realizes the space of knots as a subspace of what we call the nth mapping space
model for knots. We compute the homotopy typesof the Tst three mapping space models, showing that
the third model givesrise to an integer-valued invariant. We realize this invariant in two ways, in terms
of collinearities of three or four points on the knot, and give some explicit computations. We show this
invariant coincides with the second coetcient of the Conway polynomial, thus giving a new geometric
denition of the simplest nite-t ype invariant. Finally , using this geometric de nition, we give some new
applications of this invariant relating to quadrisecants in the knot and to complexity of polygonal and
polynomial realizations of a knot.
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1. Intr oduction

Finite-t ype invariants, introduced by Goussare and Vassiliev[16, 35], enjoyed an explosion of interest
(e.g. [4, 5, 3]) when Kontsevich, building on work of Drinfeld, shaved that they are rationally classi ed
by an algebra of trivalent graphs [21]. The topological meaning of the classifying map (de ned by the
Kontsevich integral) is poorly understood however, and various attempts have been made to understand
Tnite-t ype invariants in terms of classicaltopology. Bott and Taubes, for example, beganthe study of
“nite-t ype invariants via the de Rham theory of con guration spaces[6, 1, 25]. In this paper we begin
to construct universal nite-t ype invariants over the integers through homotopy theory and di®erenial
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topology of con guration spaces. As an outcome we nd novel topological interpretations of the rst
nontrivial nite-t ype invariant.

Finite-t ype invariants in general, and in particular the simplest such invariant ¢, which is the second
coezxcient of the Conway polynomial, have beenknown as self-linking invariants for various reasons.One
explanation is that if K. and K; di®er by a single crossing change, then c(K+) i c(K; ) = Ik(Lo),
where L is a link formed by \resolving" the crossing. Bott and Taubesalso call ¢, a self-linking invariant
becausetheir de Rham formula generalizesthe Gaussintegral formula for the linking number, as doesthe
Kontsevich integral.

We provide a new perspective on self-linking in the following sense.For technical simplicity, our knots are
proper embeddingsf of the interval | in 1 with "xed endpoints and tangernt vectors at those endpoints,
the spaceof all such we call Emb(l;13). Consider the submanifold Co;(f) of Int(¢ 3) consisting of all
t; < ty < tz sud that f (t1), f (t2) and f (t3) are collinear and such that f (t;) is betweenthe other two
points along the line. Seefor example Figure 1.

f(t))
RN
— ’h}f/\

f(t,)

Figure 1. Collinear points on a knot, giving rise to a point in Co;(K).

By putting K in general position, Co1(f) and Cos(f) are codimension two submanifolds of Int(¢ 3).
By using the appropriate compacti cation technology (as developed in Subsection2.1 and [31]) they are
interiors of 1-manifolds with boundary, which we denote Co;[K], i = 1;3, inside the compacti cation
Cs[l; @ of Int(¢ 3). Moreover, Co1[K] and Coz[K] have boundaries on disjoint facesof Cs[l; @, so they
have a well-de ned linking number. In Section4, we de ne °,: Y4(Emb(I;1%)) ! Z asthis linking number
of collinearity submanifolds. In sections5 and 6, weshaw °, = ¢, thusgiving a newgeometricinterpretation
of this simplest quantum invariant.

We were led to this self-linking construction as part of a more generalstudy. In Section 2, we construct
an approximating model for the spaceof embeddingsof an interval in a manifold, Emb(l; M),

evy : Emb(I;M) ! AM,(M);

intro ducedby the fourth author [37] building on the calculusof embeddingsof Goodwillie, Klein, and Weiss
[15, 14, 13, 37, 38]. When the dimensionof M is greater than three, the map ev, inducesisomorphismson
homology and homotopy groups up to degreen(dim(M) j 3). For three-manifolds we conjecture a strong
relation to “nite-t ype invariants. In particular, for M = I3 we conjecture the following.

Conjecture 1.1. The map Yp(ew): Yo(Emb(I;13)) ! Y%(AM,(1%)) is a universal additive type nj 1
invariant over Z.

This conjecture requires explanation. The connected componerts of Emb(l;1%) are knot types, so
Ya(ew,) is indeed a knot invariant. We conjecture that AM ,,(13) is always a 2-fold loop space,implying
that Y(AM , (1%)) is an abelian group. Moreover we conjecture that Yg(ev,) is a homomorphism from the
monoid of knots, under connectedsum, to the abelian group ¥%(AM ,(13)). Finally, by a universal type
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ni 1 invariant we mean a knot invariant taking values surjectively in an abelian group such that every
typeni 1 invariant factors through this map.

We establish Conjecture 1.1 for n - 3. In section 3 we shav that AM 1(12) is homotopy equivalent to
- S?, which is connected,and that AM ,(1®) is contractible. We then cite the well-known fact that there
are no non-trivial degreezero or one knot invariants. We focus on n = 3, where our work is grounded in
computations similar to those of [3(], in which the last two authors compute rational homotopy groups of
spacesof knots in even-dimensional Euclidean spaces. For classicalknots, they found that Y(AM 3(12))
is isomorphic to ¥z of the homotopy b er F of the inclusion S?2 _ S? ! S2 £ S2. In fact, in section 3 we
establishthat AM 3(1%) ' - 3F. Classically, ¥4(F) is well known to be isomorphic to the integers,with the
isomorphism given by a linking number or Hopf invariant 1 ,. We show that 1, +%(ew,) = °, = ¢, the
“rst non-trivial Vassilievinvariant. Higher n will be consideredin [7], in which we plan to de ne the knot
invariants given by Yg(ev,) through linking invariants of what we call \coincidence submanifolds” in the
parameter spaceC, [l ; @. Constructing knot invariants through Hopf invariants of natural submanifolds
of this parameter spaceis our new perspective on self-linking.

Further evidencefor Conjecture 1.1is the thesisof I. Volic, currently beingwritten, which shovsthat the
Bott-T aubes invariants factor through Yp(ev,,) [3€]. Since Bott-T aubesinvariants generatethe rational
vector spaceof nite type invariants, this shaws that Y(ev.,) rationally classi es nite type invariants.
Our approad is complemenary in that it is over the integers, and moreover leads to novel geometric
consequencesgven at the lowest non-trivial degree.

For generalthree-manifoldsM the theory of nite-t ypeinvariants is not well understood, and accordingly
neither is AM , (M ), whosecomponerts do not seemto have an additiv e structure. Nonethelesswe suspect
that Conjecture 1.1 will have an analoguein this setting. It may be helpful to restate the conjecture dually.
De ne two knots to be nj 1-equivalert if they shareall type nj 1 invariants. As proven by Goussarw
[16], knots modulo nj 1 equivalenceform an abelian group under connectedsum. One canformulate nj 1
equivalencein other ways, as equivalenceup to:

2 Tying a pure braid in the nth term of the lower certral seriesof the pure braid group into some
strands of a knot. [37]

2 Simple clasper surgeriesof degreen. [18]

2 Capped grope cobordism of classn. [8]

Conjecture 1.1 can be restated as saying ¥ (ev,) inducesan isomorphism
i ¢
'e(Emb(I:13)=(n i 1) equivalence 2 Yo(AM ,(13):

and we suspect that di®erert points of view on nj 1 equivalencewill be helpful in studying analoguesof
Conjecture 1.1 for arbitrary three-manifolds.

One of the surprises we encountered during this investigation was that our invariant has a natural
interpretation in terms of courting quadrisecarts, which by de nition are collinearities of four points along
the knot. Quadrisecaris have appeared previously in knot theory [28, 27, 24]. In Section 7, we explain
this connectionin detail. This quadrisecarn interpretation leadsto lower bounds on

stick number for polygonal knots and degreeof polynomial in terms of c,, also explainedin section 7.

Ac knowledgmen ts We wish to thank Tom Goodwillie, Louis Kau®manand Arkady Vaintrob for their
interest and suggestions.

2. Spaces of knots and evalua tion maps

The appropriate construction of an evaluation map for knots is our connection between algebraic and
geometric topology. Evaluation maps have long beena tool in the study of links. The linking number of
a two componert link can be understood as the homotopy classof the evaluation map from the spaceof
two points on the link, one on eah componert, to C,(R?), the spaceof two distinct points in R3. Up
to homotopy, this is a map from S £ S? to S?, which is thus characterized by degree. This degreeis
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computed by the Gaussintegral. In fact, Koschorke has shavn [23] that all Milnor linking numbers may
be understood through evaluation maps from (S*)* to C(R3). For knots, the situation is more subtle
becauseoneis led to considermapsfrom the spaceof con gurations on the knot, which is an open simplex,
to Cx(R®). The technical heart of the matter is what to do \on the boundary" of the con guration space,
including what boundary to usein the “rst place. In [37] the fourth author shaved that the appropriate
boundary conditions are prescribed when one relates the calculus of embeddingsto the evaluation map.

2.1. Compacti cations  of con guration spaces. Key technical tools are the Fulton-MacPherson com-
pacti cations of con guration spaces.Readersfamiliar with these constructions may skip most of this sec-
tion, but should familiarize themselveswith our labeling scheme for strata. For manifolds, there are two
versionsof these compacti cations, a projective version which can be de ned by an immediate translation

of the Fulton-MacPherson construction, and a closelyrelated spherical version which was rst constructed
by Axelrod and Singer[2]. We usethe spherical version, in many ways most natural for manifolds, which
up to homeomorphismis just the spaceM " nN, where N is a \tubular" neighborhood of the fat diagonal.
These compacti cations have many properties which are not immediate from the M " nN model. See[3]]
for a full developmert of these compacti cations using the following simple construction similar to one
given for Euclidean spacesby Kontsevich [27], though his construction doesnot result in a manifold with

corners.

Denition 2.1. Let % : Co(R¥) ! Ski® bethe map which sendsx = (xi;:::;Xp) to the unit vector in
the direction of x; j X;. Let sjx: Ca(R¥)! (0;1 ) %1 be the map which sendsx to (jx; i XjjIXi i X«j)-
Let By be the product (RK)" £ (ski 1)(2) £ 1(3),

Denition  2.2. De ne C,[RK] to be the closureof the image of C,, (R*) under the map £ Q Yy £ Q Sij k
to B ; where Tis the standard inclusion of C, (R¥) in (R¥)". De ne C,[M] for a generalmanifold M by
embeddingM in someRX ilborder to d@‘ne the restrictions of the maps ¥4 and s; ¢, and then taking the
closureof Co,(M) in M™ £ “(SKi )£ T 1. For M = I¥ we usethe standard embedding of 1 in RX.

These closureshave the following important properties.
Theorem 2.3. (see[31])

2 Cp[M]is a manifold with corners whoseinterior is C, (M), and which thus hasthe samehomotopy
type as C,(M). It is independent of the emtedding of M in R¥, and it is compact whenM is.

2 The inclusion of C,(M) in M" extendsto a surjective map p from C,[M] to M" which is a
homeomorphism over points in C,(M).

2 If, in the projection of x 2 C,[M] onto M", somex; = X;, then there is a well-de ned vj 2 STM
sitting over x;, which we call the relative vector and which givesthe \in nitesimal relative position"
of xj and x;. For M = R, this vector is given by the extension of the map Y , whichis in turn
the restriction of the projection of Bk onto the ij factor of Ski 1,

2 Iff:M ! N is an emtedding the induced map on open con guration spaces extendsto a map,
which we call the evaluation map, ev,(f): C,[M]! C,[N] which preservesthe strati ¢ ation of
thesespaces as manifolds with corners.

The bestunderstanding of thesecompacti cations comesfrom their strati cation. When M is Euclidean
space,these strata are simple to describe once we develop the appropriate conmbinatorics to enumerate
strata. Here, we chooseto dewvelop this combinatorics in terms of parerthesizations.

De nition 2.4. A (partial) parenthesizationP of a set T is an unordered collection f A; g of subsetsof T,
ead having cardinality at least two, sudh that for any i; j either A; %2 A; or A; and A; are disjoint. We
denote a parenthesization by a nestedlisting of elemens of the A; using parenthesesand equal signs.

f1;2g and f 1, 2; 6g.
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De nition 2.5. Let Pa(T) be the set of parerthesizations of T. De ne an ordering on Pa(T) by P - P°
if P u P% A total parenthesizationis a maximal elemen under this ordering.

For example, Pa(f 1; 2; 3g) is given as follows.

(1=2=3) 1=2) 2= 3) (3= 1)

In our applications we needthe combinatorics of maximal subsetswithin a parerthesization.

De nition  2.6. From a parerthesization P of T we form a sequence, ;(P) of subsetsof P by setting
,o(P) = fTg and inductively tiée_ elemens of | 41 (P) are maximal elemers, in the ordering given by
inclusion of subsetsof T, of P n L:O L k(P).

De ne an equivalencerelation »; oneath Q 2 ,;(P) by x »; y if x;y 2 Q%for someQ°2 _ ;.1 (P). For
such a Q, let jQj be the number of equivalenceclassesof Q under » ;.

Recallthat the strata of a manifold with cornersform a posetby the relation S < T if Sisin the closure
of T. We are now ready to describe the strata of C,[R¥].

Denition 2.7. Let €,(R¥) be the quotient of C,(R¥) by the action of scalingall points by positive real
numbers and by translation of all points.

Sofor example €,(R¥) is di®eomorphicto Ski 1.
Theorem 2.8 (See[31]). If M has no boundary, the poset of strata of C,[M] is isomorphic to Pa([n]),

Sp is the cardinality of P. When M = RX, the stratum Sp is di®emorphic to

k Y Y k
CJ'TJ'(R )E @ij(R ):
i>0Q2,:(P)

For M = RK, we give an informal indication of how the codimension zero stratum C,(R¥) and the

coordinates which coincide, say x1 j, = ¢¢¢= x; ;.. The other coordinates, x; ; for i Zfjg, along with
s& X1 j, de ne apoint in Cn; +1 . Moreover, to obtain a point in € (RX) in the limit from fx;g we must

In our technical variant of knot theory, the ambient manifold |3 comesequipped with two points on its
boundary to which the endpoints of the interval must map.

De nition 2.9. If M is a manifold with boundary with two distinguished points yg and y; in its boundary,
dene Cn[M; @ to be the subspaceof C,., [M] of points whoseimagesunder p in M "*? are of the form

One caseof interest is of coursewhen M is aninterval and the two distinguished points are its endpoints.
The con guration spaceof points in the open interval is a union of open simplices. At times, we will
compactify the open simplex by embedding it in the standard way in the closedsimplex. We call ¢ " =
ft = (ty;iitg) :0=tg - t; - €CC- t, - th+1 = 1g the naive compacti c ation of con gurations in the
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interval and note that our projection map p sendsC[l; @ to ¢ ". The compacti cation Cy[l; @, which
has arisen elsewherein topology [34], is a polyhedron with a beautiful combinatorial description.

De nition  2.10. A subsetA of atotally orderedset S is consecutive if X;z2 A and x < y < z implies
y 2 A, and A hastwo or more elemerns. An ordered parenthesizationof S is onein which all of the subsets
in the parenthesization are consecutie.

De niton 2.11. The nth assaiahedron (or Stashe®polytope), A,, is the polytope whosefacesAl are

may be viewed as ways to assaiate a word with n letters.

Prop osition 2.12 (See[31]). Each component of C,[I; @ is isomorphic as a manifold with corners to the
nth ass@iahedron A .

Figure 2.13.
t3

t2

t1
The 3rd Stashe®polytope Az = C3[l; @
Finally, we include tangent vectorsin the picture as follows.
De niton  2.14. Let C2[M] be de'ned by the pull-back square

CoMIiiiil (STM)"
5 %
y y
CalM]iiii! MM

If M hastwo distinguished points on its boundary with inward-pointing tangert vectors at those points,
let C2[M; @ be the subspaceof C?,, [M] of points whoserst and last projection onto STM are given by
those distinguished tangent vectors.
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2.2. The mapping space model. Wearereadyto de ne our mapping spacemodel for knot spaces.As we
have mertioned (Theorem 2.3), the evaluation map of aknot f , namely ev, (W) : Ap = Co[I; @! C[I3 @,
is stratum preserving. But note as well that for a point t on the boundary of A, such that p(t) has
ti = tis1 = tiso, eVh (W(t) will, in the decomposition of Theorem 2.8, project onto a point in €3(RK) which
is degeneratein the sensethat all points are aligned along a single vector, namely the tangent vector to
the knot.

De nition 2.15. A point x 2 C,[M] is aligned if (naming its imagein M" by (X1;:::;%,)) for each
collection x; = X; = xx = ¢¢¢, the relative vectorsv; with i < j areall equal. A point in C2[M ] is aligned
if its projection onto C,[M ] is aligned and, if we say x; = X; asabove, the relative vector v;; servesasthe
tangert vector at both x; and x; .

The subspaceof a stratum consisting of points which are aligned is called the aligned sub-statum of
that stratum.

Denition  2.16. A stratum-preserving map from A, to C°[M; @ is aligned if points in its image are
aligned. Let AM (M) denote the spaceof aligned stratum-preserving maps from A, to C2[M;@. Let
ev,: Emb(I;M)! AM,(M) be the map which sendsa knot f to its evaluation map ev,(f ).

In [37] the fourth author establishesthe following.

Theorem 2.17. The map ev,: Emb(I;M) ! AM,(M) is a model for the nth degree approximation to
Emb(l; M) in the calculus of embeddings.

As mertioned in the introduction, this result implies that the evaluation map capturesall the topology of
families of knots in ambient spacesof dimensiongreater than three. Thus, we are motivated to understand
the rami cations of this map in knot theory, and in particular are interested in the e®ectof ev, on
componerts of Emb(l; 13).

3. The homotopy types of the first three mapping space models

In this section, we examine the homotopy typesof the rst three mapping spacemodels AM ; (13) for
i = 1;2;3. One may view AM ,(13) as a multi-relativ e mapping space. Standard "bration sequencesn
algebraic topology allow one to build sudh a mapping spacewith building blocks which are loop spaces.
In this sectionwe employ somestandard facts about categoriesof diagrams of spacesin order to organize
and simplify such an analysis of AM ,, (13).

First note that A; = 1, C{[I®] ' S? and an aligned map from A; has xed boundary points, so that
AM q[I%]" - S?, the spaceof basedmaps from a circle to S2. Moreover, the map from the spaceof knots

sendsf to u(f) whereu(f )(t) = ”;Z% This identi cation is consistert with the fact that in the calculus
of embeddingsthe “rst approximation to a spaceof embeddingsis the corresponding spaceof immersions,
which in turn canbeidentied through the Hirsch-Smaletheorem [37]. BecauseAM 1[I3] is connected,ev;
doesnot give rise to any knot invariants.

We proceedto shaw that the second mapping space model AM ,(1%) is cortractible, from which we
concludethat ev, doesnot giveriseto any knot invariants either. This is an analogueof the fact that there
are no non-trivial degreezero or one nite-t ype invariants. Finally, we shov that AM 3(13) is homotopy
equivalert to the third loop spaceof the homotopy b er of the inclusion S?_S? | S?£ S?. By enumerating
componerts, we shaw that the evaluation map evs; can give rise to an integer-valued knot invariant, which
is the invariant of study in this paper, de ned in Section 4.

For the purposesof the di®ererial topology, it is essetial to usethe Fulton- MacPhersoncompacti -
cations of con guration spaces. For the purposesof the algebraic topology in this section, howewer, it is
helpful to usea variant of these compacti cations called the cosimplicial variant, essetially "rst de ned
by Kontsevich [27] and fully developed in [31]. One main advantage is that, when dealing with the con g-
uration spaceof n points in the interval, this compacti cation coincideswith the naive compacti cation
¢n.
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De nition  3.1. For a manifold M with embedding in R* let C,HM]i be the closure of the image of
Ca(M) in Agn(M) = (M)" £ (SKi 1)(3) under the map 1€ ~ ¥ jm . Let ¥ denotethe extension of the
maps of the samename on the interior of C,HM]i which are de ned simply by projecting Ax., (M) onto
the ij factor of Ski 1. For a manifold with two distinguished points on its boundary, de ne C,HM; @ and
ConM; @ as subspacef C,., HM]i as before.

For these compacti cations, the combinatorics of the strata which arise in the image of ewaluation
maps are simplicial. We formalize this strati cation as follows. Recall that a (Hurewicz) co bration is an
inclusion of spaceswhich satis es the homotopy extension property with respect to any space. Examples
of such inclusions include those for which the subspacehas a neighborhood which deformation retracts to
the subspace,as for example an embedded submanifold or a subcomplex of a CW complex.

De niton 3.2. Let [n] = f0;:::;ng. Dene a ¢ ,-space to be a spaceX = X. and a collection of
subspacesX s, onefor eah S ( [n], such that if S°u S then Xs g Xso, with the inclusion isey,s being a
co bration.

We often usethe notation X: for ¢ ,-spaces. As one might expect, there is a natural way of making
¢ " into a ¢ ,-space. Namely, take ¢ s to be the facefor which t; = tj+; if i 2 S (recall that to = 0 and
th+1 = 1). We write ¢ for this ¢ ,-space.

De nition 3.3. De ne a ¢ ,-spaceC! as follows.
2 CR = CRHI% @ = ColI% @i £ (S)".
2 C8 is the subspaceof all (x;) £ (vk) 2 CPHI®; @ such that for eadh i 2 S, X; = Xj+; and
Yai+1 (X)) = Vi = Visr .

It is straightforward to ched that C{' is a ¢ "-spacewith Cs homeomorphicto C?, , sHI***; @i. More-
over if we replacel® by | in the de nition of C}', we recover ¢ 0.

Many constructions for spaceshave immediate analoguesfor ¢ ,-spaces.A map between¢ ,,-spacesX:
and Y: is simply a map from X. to Y. which sendsead Xs to Ys. Thus, the set of all maps betweentwo
¢ n-spacesis naturally a subspaceof Maps(X.;Y.). The casein which X. = ¢ ? is of particular use. We
call the spaceof mapsfrom ¢ ! to Y: the corealization of Y- and denoteit jY:j.

Remark. The corealization of Y. is homeomorphicto the homotopy limit of Y-. The languageof homotopy
limits is usedin [37].

The following theorem shaws that, for the purposesof this section, the corealization jC'j will replace
the mapping spacemodel AM , (1¥*1). We will usethe notation CM, for jC!j and call it the nth ¢ -space
model.

Consider the evaluation map for a knot using the cosimplicial compacti cation ev,: CoHl; @i = ¢ " !
COHI3; @i. Becausethis evaluation map is aligned and stratum preserving,it de nesa point in CM,. The
following can be deducedfrom Theorem 6.2 in [37].

Theorem 3.4. The mapping space model AM , (1¥*1) is homotopy equivalent to CM,. The maps from
Emb(l;1%¥*1) to these mapping spaces given by evaluation maps agree in the homotopy category.

In light of this theorem, we will now analyze the homotopy typesof CM, and CM3. The notion of a
“bration of ¢ ,,-spaceswill be helpful in what follows; this is simply a map of ¢ ,,-spaceswith the property
that eah Xs ! Ys is a (Hurewicz) "bration in the usual sense.The following lemmais standard, and can
be either proven by a straightforward induction or deducedfrom the axiomsfor a simplicial model category
and the fact that diagram categories(and thus ¢ ,,-spaces)are enriched simplicial model categories{ see

[10, 20).

Lemma 3.5. Let X: be a ¢ ,-space such that each X5 is a nite CW complex. Then a bration of
¢ h-spaces Y: ! Z. inducesa bration on the mapping spaces Maps(X:;Y:) ! Maps(X:;Z:). In partic-
ular, a bration of ¢ ,-spaces givesrise to a bration of their corealizations.
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Our basicstrategy in analyzingCM,; and CM3isto berCl asF,! CI I” KD whereK ! is of a form
in which its corealization can be shovn to be cortractible explicitly. For n = 2, %awill be an equivalence,
and for n = 3 we identify jF3j.

Theorem 3.6. The space CM;, is contractible.

Proof. We declarethat our properly embeddedknots begin at the \north" sideof I® and end at the \south"

side, in particular sothat vo(x) = va(x) = 1, where o denotesthe south pole of S2. We make use of the
degreeone map %: S? | S? which collapsesthe southern hemisphereto the south pole, which gives
Yt Yo = YatVpz = ofori = 1,2. We begin by de'ning K2, which is obtained from C2 basically by
projecting C,HI3; @ onto S? through ¥+ Y4,. Explicitly , we have the following:

= (S?)° Kfaq = S Kfapg = Pt
laea;p (PL) = a5t 2g(X) = (2 x; 9) i35t 0g(X) = (28 X) Fasf 19(X) = (¥4X); X; X)

We may view a ¢ "-spaceas a diagram of spaces,one sitting at ead barycerter in the n-simplex, with
a morphism for ead facerelation. As a diagram, K 2 is the following:

f02g

AN

- Q2
=S f29

N

K;2 = (32)3

2 —
KfO;lg =

The “bration Yifrom CZ to K £ canthen be de ned as (¥ %4») £ v1 £ Vy. It is easyto ched that this
is a map of ¢ ,-spaces Furthermore, the b er of this map restricted to ead C2 is contractible, so the
induced map from jCZ?j to jK ?j is an equivalence. We now shaw that jK 2j is cortractible.

De ne a ¢ ,-spaceY: by projecting K;2 onto its rst factor of S?, and taking Ys to be the image of
K 2 under this projection. In particular Y; 2g = Yiog = ©. The projection from K? to Y. is readily seen
to be a "bration of ¢ ,-spaces.|t is also easyto seethat jY:| is cortractible; unraveling de nitions, it is
the spaceof maps from ¢ 2 to S? sendingthe f0g and f 2g sidesof ¢ 2 to the south pole of S2. Since¢ 2
deformation retracts onto the union of thesetwo sides,the mapping spacecan be retracted to the constart
map ¢ 2 7! a,

We "nish the argumert by bootstrapping: the cortractibilit y of jY-j meansthat we may replaceK ? by
its "b er over Y.. The next stepis to project this b er to one of the other factors of S?, say with vi. The
corealization of this projection is also contractible, since, unraveling de nitions, it is the spaceof maps
from ¢ 2 to S? sendingthe f 2g edge(by de nition) and the f 1g edge(since we are in the b er over Yz ) to
the south pole, which is cortractible. Repeating this with the v, projection onto S? we seethat jK 2j is
indeed cortractible. o

2
Kfg=S?<——Kfg= 1

Note that in our bootstrapping argumert, it doesmatter onto which factor of S2 we project K? rst. The
image under the v, or v, projection doesnot have a corealization which is readily seento be cortractible
without “rst looking in the "b er of the ¥4, projection.
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Before proceedingto the next case,we must treat one last technical detail about ¢ "-spaces,namely
that of replacing a map by a bration, asis standard for spaces.

Deniton 3.7. Letf:X:! Y. beamap of ¢ ,-spacesand de ne the spacesand maps X: !' X A
as follows. Let X5 be the spaceof pairs (x; °) wherex 2 Xs and ° is a path in Ys with °(0) = fs(x).
Inclusions betweenthe ¥s neededfor the ¢ ,-structure are de'ned by using those for X5 and Ys. The
map i is de ned by sendingx to (x; c), where c is the constart path at f5(x). The map € is de ned by
sending(x; °) to °(1).

One may ched that sending(x; °) 2 X5 to x 2 Xs de nes a homotopy inverseto i as ¢ "-spacesso
that i inducesan equivalenceon corealizations. Moreover, it is easyto ched that f~is a “bration.

Theorem 3.8. The space AM 3(1®) is homotopy equivalent to - 3F, the space of basal maps from S® to
F, the homotopy ber of the inclusion S?> _S? | S?£ S2,

Corollary 3.9. The components of AM 3(13) are in bijective correspndene with the integers.

Proof. By the theorem, the componerts of AM 3(13) correspond to elemerts of ¥3(F). Since¥s(S?) = Z, we
have ¥3(S? £ S?) = 72 and by the Hilton-Milnor theorem [19], ¥4(S? _ S?) = Z3. Becausethe composites
S? S?21 S?£ S?21 S? aresplit, we seethat Y(F) = Z. e

Proof of Theorem 3.8. We will be a bit more terse than in the previous proof since the outline of the
argumert is preciselythe same.

Once again we begin by dening a relatively simple K3 to which C3 maps. SetK 2 = (S?)® and dene
a map from C3 over K3 by composing Y4z £ Y3 £ Va3 £ V1 £ V2 £ v3 with the collapsing map % (from the
previous proof) on the st three factors. We can give K 3 the structure of a ¢ 3-spacesimply by de ning
the subspacesKg to be the imagesof the corresponding spacesin C3.

The rst stepis to show that jK 3j is cortractible. De ne a ¢ 3-spaceY: exactly asin the previous proof,
by projecting K 2 onto the “rst factor of S? (once again, the image of ¥4,). The corealization is manifestly
contractible; sinceY;,.34 = Yiog = 8, wemay de ne the contraction by deforming ¢ 3 onto the union of this
edgeand face. Thus we may considerthe b er of K2 over Y-. Next considerthe projections to S? de ned
by v; and v, in turn. We claim the corealization of ead is cortractible; for instance, under the projection
v1, the f0g face (by de nition) and f 1g face (by the bootstrap) map to &. The claim follows since ¢ 3 can
be cortracted to the union of thesefaces. Proceedingin a symmetric way for the other factors of S? shaws
that jK 3j is cortractible, asdesired.

By construction, there is a projection map ¥4 C3! K32 soin principal we should be able to identify C3
with the "b er of this projection. But, this projection is not a bration of ¢ 3-spaces,sincein particular
it is not a "bration on C3 Using De nition 3.7 we may replace C3 by a € which has an equivalert
corealization and which does b er over K $ through a map % Investigating the b er F- of %we seethat Fg
is cortractible if S is non-empty, sincein thesecasesVs is a homotopy equivalencewhich implies that %
isaswell. A ¢ ,-spaceX: with Xg cortractible for all non-empty S hasa corealization which is homotopy
equivalert to - "X.. Thus, the corealization of F. is - 3F.. But by de nition F. is the homotopy b er of
the projection Y4, £ Y3 £ Y43 from C3(R3) to (S?)3. By looking at the b er of ¥, (which is by itself a
“bration) this is the sameasthe b er of Y43 £ Y3 from R nfa;;axg to S? £ S? where in this case¥as
sendsz 2 R® nfaj;ayg to the unit vector from a; to z (and similarly for ¥3). Retracting R® nfay;ayg
onto S? _ S? we seethat Y43 £ Y3 coincideswith the inclusion S S? | S?2 £ S2. a

4. Linking of collinearity manif olds

4.1. De nition  of °,. In this section we formalize the de nition of our self-linking invariant °,. As
mentioned in the introduction, the invariant is de ned through collinearities on the knot, in particular
by constructing cobordism invariants of submanifolds de ned by collinearities in parameter spacefor the
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knot. In order to proceedwe needto addresstechnicalities about collinearity submanifoldsof compacti ed
con guration spaces.

De nition  4.1. Dene Co;(1¥) to be the subspaceof C3(1¥) consisting of con gurations of points x =
(X1;X2;X3) such that fx1;X»;Xx3g i L wherelL is a straight line in R¥, and in that line x; is betweenthe
other two points. Alternativ ely, Co;(I¥) is the preimage of the submanifold of Ski 1 £ Ski 1 de'ned by
pairs u £ j u under the map % £ Y.

As mertioned in Theorem 2.3, the maps ¥4 extend to smooth maps from C,[I¥; @ to Ski 1 simply by
restricting the projection of B onto the ij factor of Ski 1. Also, let §i; : €,(R¥)! S*i ! bethe unique
map which factors ¥ through €, (R¥). Using the decomposition of Theorem 2.8 and the coordinates
around thesestrata given in [31], we deducethat ¥4 £ Y restricted to a stratum Sp on the boundary of
Cs[I¥] is either projection onto a factor of €,(RK) £ €,(RK) or factors as projection onto €;(R¥) followed
by ®, £ ®43. We deducethat the maps ¥4 are open maps. We obtain the following proposition as a
consequencef transversality.

Prop osition 4.2. The submanifoldsCo;(I¥) extendto be submanifoldswith corners of C,[I%; @, which
we denote Co; [I¥].

It will be helpful at times to be more explicit about someof the boundary of Co;[1¥].
Prop osition 4.3. The submanifold Co;[I¥] has the following intersections with boundary strata.

2 In S=jy, consisting of pairs (x1;X2) £ ((y1;¥2)= ») 2 Co(I¥) £ €(R¥) suchthat X, | X1 =
i kK(y2i y1) where k > 0.

2 In Sp=p-3) , consisting of equivalene classesin €;(R*) which are representel by collinear triples.

2 In Si=j)= k), consisting of points representel by x; v;i v in 13 £ € (R¥) £ €(RY).

For the sake of transversality argumerts we choosethe boundary points on |2, as neededfor the de ni-
tions for Emb(l;12) and AM , (1®), to be (3;1;0) and (3 + 2 ;1) for some2 > 0. We choosethe tangert
vectors at those points to be perpendicular to the boundary.

Theorem 4.4. Any g2 AM 3(1®) is arbitrarily closeto someg®2 AM 3(1%) which is transverseto Co;[I°]

fori=1;3.

Proof. We may establish this inductiv ely over the strata of A3 using the Extension Theorem from [17].
The imagesunder g of the vertices of A3, which are xed by choosing boundary points and vectorsin 13,
are disjoint from Co;[I®] by our choice above. Inductiv ely, we may deform g slightly to be transverseto
Co;[I®] on the dimensioni strata, having "xed it on the dimensioni j 1 strata, by using Proposition 4.3
to ched that the intersectionsof Co;[I] with the aligned strata of C3[I3; @ have codimension two, which
is true in all casesexcept wheni = 2 and the stratum in question is labeled by (1 = 2 = 3) or any
parenthesization which includes (1 = 2= 3). o

De nition  4.5. Giveng2 AM 3(13), deform g to be transverseto Co;[I®] for i = 1;3 and de ne Co;[g],
the subspacef collinear points, to be g *(Co;[1%]) %2 As.

In the interest of de ning knot invariants directly, we also shav that the evaluation map of a knot can
be made transverseto collinearity submanifolds by a small isotopy of the knot.

Theorem 4.6. For a generially positioned knot f , evs(f ) is transverseto Co;[I®] for i 2 f1;3g.

Proof. Let ski(A,) be the i-skeleton of A,. For any knot f : 1 | 13 ew(f )isko(a,) IS disjoint from
Co;[I%] by our choice of endpoint data for f . Transversality of evs(f ) over ski(A3) can be guaranteed by
demanding that the tangert linesto f do not intersectf (0) or f (1), clearly a genericcondition.

For the two-skeleton investigate the transversality face-by-face. Collinear points in Ag):l) correspond
to collinearities on the knot which include f (0), sooneis guaranteed transversality if the projection of the
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knot to the spherebasedat f (0) is a regular knot diagram, which is well-known to be a generic condition.
Transwversality in Ags:4) works similarly.

Collinearities in the A(31:2) and A(32:3) correspond, combining Proposition 4.3 with the de nition of
the ewvaluation map, to pairs of times s;t suc that the tangent line of f at s intersectsthe knot at f (t).
Informally, transversality requires that small variations of s and t should give rise to a two-dimensional
family of non-collinear triples. Formally, this meansthat the three vectorsf (s) i f(t), f qt) and f °(s)
are linearly independert. This condition has a simple geometric interpretation. Provided the knot f has
everywhere non-zero curvature, the map exp : | £ (Rj f0g) ! R® given by exp(t; h) = f (t) + hf Xt) is
an immersed submanifold of R3. The above transversality condition is equivalert to the condition that f
intersectsthe image of exp transversally, which is a genericcondition. The fact that non-zerocurvature is
a genericcondition for knots follows quickly from the Frenet-Serret Theorem [26].

Finally, for an interior point (t1;ty;t3) 2 Ag\ the transversality condition is that for a collinear triple,
the four vectors f (t1) i f (t2), f qt1),f At2),f Atz) must span|3. While dizcult to seeintuitiv ely, this is
straightforward to prove formally. Considerthe map © : SOz £ 13! (12)2 de ned as follows. Given three
points ty;ty;t3 and a rotation matrix A 2 SOj the value of © is given by the orthogonal projections of
A(f (t1)); A(f (t2)); A(f (t3)) to (12 £ £0g)° pn (1%)3. Our transversality condition follows if © transversally
intersects the diagonal x1 = X» = X3 in (12 £ f0g)3. We now apply a standard transversality argumert,
where we extend © to a function © : SOz £ I*£ 1¥ I (12 £ f0g)3, such that ©jso,z 3¢t og = ©, Which
is transverseto the diagonal, and then the Transwversality Theorem [17] tells us that an arbitrarily small
isotopy of f satis es our transversality condition. a

Finally, we analyze where the boundaries of these collinearity submanifolds may lie.

Prop osition 4.7. Any g2 AM 3(1%) may be deformea slightly so that the 1-manifold Co4[g] has boundary
only on AS™ and AG=4 . Similarly, Co3[g] may be assume to haveboundary only on AS™ and A% .

Proof. We focus on Co[g] since the argumerts for Co3[g] are identical up to re-indexing and \turning
I3 upside-dovn." We apply Proposition 4.3 and analyze only the codimension one facesof Az since by
Theorem 4.4 there are no boundary points on strata with higher codimension.

To set notation, let a2 Az and let p(g(a)) = (x1;X2;x3) 2 (13)2. By de nition of an aligned map, the
imagesof the AP ¢~ Al= %9 304 AL under g are all in,Co,[I1%], so Co[g] has no boundary
on thesestrata. Next, g(a) for a2 AZ™™ hasx; = x, = I%; ;0 and ¥4, pointing downwards. Thus,
a Co[g]-collinearity would force g(t3) to be above I3, which of courseis not allowed. On both A§2:3:4)
and A§2:3) , we have Y4,(g(a)) = %as(g(a)), which meansthat theseunit vectors cannot be opposites as
required for Co1[g]. Finally, on A(3°:1) we have x1(g(a)) = '%; %;0 so that a Co;[g]-collinearity would
require that both x, and x3 have last coordinate zero and be on a line, which is a codimension three
condition. a

BecauseCo1[f ] and Cos[f ] have no boundary on the hidden facesof C3[l; @, they project under the
map p to manifolds with boundary in ¢ 2 whoseboundary lies on its (codimension one) faces. By abuse,
we give this projection the same name, and for the rest of the paper we will work in the simplex ¢ 3.
Notice aswell that Co;(I¥) is orientable sinceit is a codimension-0submanifold of Co;(R¥), which is in
turn orientable sinceit is di®eomorphicto the product (R¥) £ Ski 1 £ (0;1 )2. Thus, Co;[I¥] is orientable,
and we X sud an orientation for the remainder of this discussion. By pulling bad the orientation of the
normal bundle of Co;[1®] in C3[I3; @, we get an orientation of Co;[g] for any g 2 AM 3(13).

our current exposition we label facesby parenthesizations, as inherited from the projection from As.
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De nition  4.8. De ne a closureof the manifold with boundary Co;[g] to be any closedpiecewisesmaooth
1-manifold Co;[g] whoseintersection with Int(¢ 2) is Co1(g), and whoseintersection with @¢ 2) lies only
in ¢¢_, and ¢, . Demne Coslg] similarly.

A Seifert surfacefor Co;[g] can only intersect Co3[g] inside the simplex, and these completions have
an orientation determined by the orientations on Coj[g]. Thus, the linking number of thesetwo manifolds
is de ned and will be independert of choicesof these completions. We may now de ne our invariant.

Denition 4.9. For g 2 AM3(1%), let 1 ,(g) = Ik(Co1[g];Coz[g]). For a knot, dene °,(K) to be
1 2(evs(K)).

A homotopy betweenf and g in AM 3 may again be deformed to be transverseto the collinearity
conditions, and thus give rise to an oriented cobordism betweenthe manifolds Co;[f ] and Coj[g]. Thus,
1, passedo a map Y(AM 3(1%)) | Z. We next establishthat this invariant encadesall of the information
we may get about knotting in 13 from the evaluation map evs.

4.2.1, is an isomorphism. By Theorem 3.8, ¥4(AM 3(13)) 2 Y(F), where F is the homotopy b er of
the inclusion from S?2 _ S? to S? £ S?. The compositesS? _S?2! S2£ S?21  S2 wherethe secondmap is
projection onto a factor, are split sothat ¥s(F) is a subgroup of ¥3(S? _ S?). That subgroupis isomorphic
to the integers, with the isomorphism realized by sendinganf: S3! S2 S2to lkgs fi1(a);fi 1(b) ,
where a 2 (S? _m)nfag and b 2 (o _ S?)nfag are regular values of f. This obsenation lead us to our
de nition of 1 ,, and one could trace through the equivalencegiven by Theorem 3.8 in order to equate? ,
with this linking number and thus shaw that 1 , is an isomorphism. Note that to do this a good choice of
embedding S? _ S? 2 R3nf a; bg is with one sphereis certered at b of radius jaj bj=2, and the secondsphere
is certered at a of radius 3jaj B=2. We prefer an indirect but shorter approac, which takesadvantage of
our computations from Section 6.

De nition  4.10. Fix a generic embedding of the unknot U in I3, whose collinearity submanifolds are
empty. Let AiC?j and AjF%j denote the subspacesof jC3j and jFj respectively of maps whoserestriction
to @ ° coincideswith the restriction to @ 2 of evs(U), or respectively coincideson @ 2 with a chosenlift
of evz(U) to jF3j.

Theorem 4.11. There is a commutative diagram
. . 1 . . 1
ve(FS) = Z iif] %(GCs) iiii! z
% %
@2? ? ®?
L. . 4 <. . 3 .
vo(AF2)) 11§11 ve(Aic) it va(Cari®)
where the maps (1) and (2) are isomorphismsof setsand the maps (3), (4), and (5) are homomorphisms.
We “rst indicate how this theorem leadsto the main result of this subsection.
Corollary 4.12. The map?!, is an isomorphism.

Proof. Chasing through the diagram in Theorem 4.11 we seethat !, is a homomorphism sinceit is the
composite of two bijections, the inversesto (1) and (2), with the homomorphisms(3), (4), and (5).

In Theorem 6.12 below, we show that 1, takeson the value one (for the evaluation map of the trefoil
knot) and thus must be an isomorphism. o

Proof of Theorem 4.11. We de ne the mapsin the diagram.

(1) The map (1) is the map on ¥ of the induced map on corealizations of the composite map of
¢ ,-spacesF: | €3! C2, which is shavn to be an equivalencein Theorem 3.8,
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(2) Becauseall of the boundary terms of F2 are cortractible, we may induct over the skeleta of @ 3
to show that the inclusion of AjF3j in jF.Sj is an equivalence,and thus de ne (2) as the induced
isomorphism.

(3) The map (3) is a caseof a general construction which we now recall.

If M is a spaceof mapsfrom ¢ " to X whoserestriction to @ " is prescribed, M is homotopy
equivalert to - "X as follows. Fix one particular f 2 M. De ne the \gluing with f" map
it M -"X byhaving js(g):S"=¢"[ g¢t"! X restrict tof onthe rst ¢" and g on the
second.

The map (3) is % (i ev,(u))- It isanisomorphismof setssincej ey, (u) iS @ homotopy equivalence.
In fact we usethis isomorphismto de ne the group structure on Y (AjC3j).

(4) The map underlying (4) is simply the restriction of the map underlying (1) to AjF2j, which maps
to AjC3j by construction. It inducesa homomorphismon ¥ sinceit sits in a commutativ e square

A3 .. (4) Ai ~3i
AJEZ]IIII! A]gzj
) ? ?
lelsu)Y ievz(u)y
-3FA diii! - a(CshI®li);

wherethe vertical arrows are usedto de ne the group structures on ¥ of AjF.j and AjC#j and the
bottom arrow is a homomorphism on ¥ sinceit is a map of three-fold loop spaces.

(5) Finally, the map (5) is de ned by taking anf : S®! CsHI®; @i, homotoping it sothat its image
is in C3(1®) (whoseinclusion in C3HI3; @ is a homotopy equivalence)and transverseto Co; and
Cog, and then taking lkss (Coy(f); Cos(f)). In general,sending¥ (M) to Z by taking the linking
number of the preimagesof two disjoint closedsubmanifoldsof M (which itself neednot be closed)
whosecodimensionsadd to n + 1 is a homomorphism, soin particular (5) is a homomorphism.

It is straightforward to ched that the mapsasconstructed commute sinceevs(U) hasempty collinearity

submanifolds, and this completesthe proof.
o]

5. The invariant is finite type tw o

We show the invariant is type two by computing directly that its third derivative (in the senseof
“nite-t ype invariant theory) is zero. We "nd it corveniert to speak of the linking number of a colored
1-manifold L, which is a 1-manifold with a decomposition into two disjoint submanifolds L 1;L, rather
than the linking number betweentwo manifolds. The linking number Ik(L) is de ned aslk(L 1;L5). Given
asubset,N %2 R3, onedenesL\ N to bethe colored submanifold which is decompsedasL;\ N;L,\ N.
We will needthe following easylemma, which we state without proof.

Lemma 5.1. Letl; and L, be two colored 1-manifolds as atove, and suppse that they agree exept in
someopen setN % R3: Then Ik(L1) i Ik(L2) = Ik(N'\ L[ i (N'\ Ly)).

Notice that by denition, N'\ L; and N \ L, have endpoints which agreeon @, sothat (N \ L;) [
i (N'\ L) is a closedcoloredlink in R® whosecomponerts are not necessarilysmooth or embedded, but
are disjoint sothat their the linking number makessense.

Theorem 5.2. The invariant °, is of type two.

Proof. We shaw that for every knot K and a set of three crossing changesc;; c;; c3, that the assaiated
alternating sum vanishes:

X
1) (i 1y%°,5(Ks) = 0;
Yas[3)
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where[3] denotesthe setf 1; 2; 3g and K, denotesthe knot obtained from K by applying crossingchangesc;
wherei 2 % We will alsousethe notation K= 4, a,a, in placeof Ky, wherea 2 f0;1ganday = 1, 12 %
The three crossingchangesare supported in balls Bj;1- i - 3, which may be assumedto not be collinear.

De nition 5.3. Let a = ajapaz 2 f0;1g®, and let S %4 [3]. Let °s(a) be the colored codimension zero
submanifold of the colored 1-manifold Co1(K3) [ Co3(Ka) which consistsof those collinearities of three
points of K5 which intersect the knot inside B; if and only if i 2 S.

Notice that °1,3(a) = ; by the noncollinearity of the balls. In general,the °s have the following easily
veri ed property:

(2) °s(a) is independert of a; if i 62S.

Our strategy is to rearrangethe terms of the alternating sum of Equation (1) sothat we may apply this
obsenation to cancelterms. By de nition

[ [
®3) °2(Ka) = 1k(®; (a) [ i@l %ij ()

1-i-3 1-i<j- 3

Changing the knot inside B; will only a®ect®,, °1, and °;3 by Remark (2). So, by Lemma 5.1 if
a = (Oazaz) and b = (1lazaz) then

(4) °2(Ka) i °2(Kp) = 1k(®2(a) [ *12(a) [ “13(a) [ (*2(b) [ *12(b) [ °13(b)))

If we denote the expressionon the right-hand side of (4) by De where ® = (azag) 2 f0; 1g?, then the
alternating sumin Equation (1) equalsDggj D1pj Do1+ D11. Notice that the colored manifolds °s which
de ne Doy and Do will only be di®eren when 22 S by Remark (2). Hencethe linking number will only
di®er by the pieces®1,. Thus

Dooi Dio = Ik(°12(000)[ i °12(100)[ i °12(010)[ °12(110))

and similarly
Do1i D11 = Ik(°12(001)[ i °12(101)[ i °12(011)[ °12(111))

These last two expressionsdi®er by a modi cation of the knot in B3, but the colored manifolds °g
involved are such that 3 62S, and henceby Remark (2) the expressionsare equal, as desired. o

6. Examples

Clearly if K is the unknot, °,(K) = 0, since any reasonably simple generic embedding of the unknot
has no collinear triples. In this section we will compute °,(K) directly for the trefoil and "gure eight
knots. To do so, one could parametrize these knots and solve the systemsof equations which arise from
collinearity conditions. Indeed as explained further at the end of Section 7, one application of our work
is to, for example, bound the value of the degreetwo Vassilievinvariant of a knot which is parametrized
by polynomials of a given degree. We prefer to take a slightly lessexplicit but more geometric approacd
by choosing embeddings with certain monotonicity properties, which are depicted in "gures 6.1 and 6.2.
Throughout this sectionwe give full argumerts for the trefoil but leave the ertirely analogousargumerts for
the "gure eight to the reader. This analysiswill proceed rst by nding boundary points of the collinearity
submanifolds, and will ultimately highlight the fact that quadrisecans of the knot may play an essetial
role in computation of the invariant, a theme which is fully dewveloped in the next section.



16 R. BUDNEY, J. CONANT, K. P. SCANNELL, AND D. SINHA

Figure 6.1. Figure 6.2.

X3 = 0 points on the trefoil knot x3 = 0 points on the "gure-8 knot.

The plane into which the knot is projected will be given the coordinates x; and x,, and the coordinate
that points out of the (x1;X2)-plane will be the x3 coordinate. In Figures 6.1 and 6.2 the x3 = 0 points
of the embedding are speci ed by dots, v e for the trefoil and sewen for the "gure eight. It will simplify
the complexity of the collinearity submanifoldsto assumethat betweenead of the dots the coordinate
function x3(t) strictly increasesand then strictly decreasesr vice-versa.

Figure 6.3. Figure 6.4.

collinear triples on (0= 1) and (3 = 4) collinear triples on (0= 1) and (3 = 4)
strata. strata.

In Figures 6.3 and 6.4 all the collinear triples (f (t1);f (t2);f (t3)) where either t; = O or t3 = 1 are
indicated. On A(Sozl) , one can label any collinear triple by the numbert 2 |, suc that the line segmen
[f (0); f (t)] cortains one point of the knot K in its interior. In the caseof the trefoil there are no collinear
triples for t 2 [0; %] sincexs(t) is decreasingon that interval. There is the one solution in [%; %] assketched
above, sincethe knot neart = 2 sits over the line from f (0) to f (1) but under the line from f (0) to f (3).
There are no solutions for t | % except possibly onein [%; 1], which would give rise to a point of Co|[f ],
and sois ignored.
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Figure 6.5. Figure 6.6.

collinear triples on the (1 = 2) and collinear triples on the (1 = 2) and
(2 = 3) strata. (2 = 3) strata.
In Figures 6.5 and 6.6 all the tangertial collinear triples, elemerns of Co;[f] for i 2 f1;3g which lie in

the Ag1:2> and Ag?:?’) areindicated. In all these gures, points corresponding to Co[f ] are systematically
ignored. On thesestrata collinear triples coincide with t such that the tangert line to K at f (t) intersects
the knot at a point other than f (t). In the caseof the trefoil, we can deducefrom boundary value and
monotonicity argumerts that there are tangertial collinear triples correspondingto t 2 [%; %] andt 2 [%; %
as sketched above. The tangertial collinear triples for t 2 [O; %] or [2;1], would belongto Co»[f] and can
thus be disregarded.

Now that we have the boundary structure of the Coj|[f ] for the trefoil and "gure-eight knots, we need
to understand the interior structure. As usual, this can be understood from the crossingstructure of a
projection of theselinks. The following lemma is simple and extremely useful.

Lemma 6.7. Let¥ ¢3! ¢ 2 be de ned by forgetting the t; coordinate, and let f parametrize a knot K.
A crossing of the projection of Co;[f ] and Cos[f ] under Y2correspnds to a collinearity of four points on
K.

Proof. A crossingof Coz[f ] and Co[f ], correspondsto having f (t3); f (t3); f (t3) onL® and f (t9);f (t9);f (1)
on L%with t5 = t9 and t3 = t3, sincetheir projections under %;agree. Becauset; = t9 and t5 = t3, we have
L = L%soin fact the four points f (t);f (t7);f (t9) and f (t3) are all collinear. o

Figure 6.8. Figure 6.9.

guadrisecants. quadrisecants.

Figures 6.8 and 6.9 display all the quadrisecarts on these knots. For the trefoil, parametrize the knot
sothat the points where x3(t) = O aret 2 f3;>; 5;-20. These points partition | into Ve intervals.
Notice that sincexs is increasingon (53; <) and (%;;%)’ and decreasingon (0; 3), (3 ) and (53: 1),
any quadrisecar must have its points on four of these v e intervals, and no quadrisecarn can have a point
on the (%; %) interval for rather simple reasons{ such a quadrisecan of the projection could not lift to
a quadrisecan of the knot itself sincethe x3 coordinate of sud a quadrisecart could not be monotone
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alongthe line. Again by monotonicity, there could be only one quadrisecart which passeghrough the four
intervals [0; 3], [; 51.[15: ] and [5; 1], which is sketched in Figure 6.8.
Figure 6.10. Figure 6.11.
t3 t3

> t2 > t2
t]_ t1
Coy[f][ Cos[f]u ¢3 Coy[f][ Cos[f]u ¢3
f = trefoll f = "gure-8 knot

In Figures 6.10 and 6.11 the data from the previous gures is assenbled to represen Co;[f] pu ¢ 3
for i = 1;3, together with orientation information which is explicitly computed below. This information
suxcesto compute our linking invariant. In the caseof the trefoil, we know ead of Co;[f ] fori = 1;3 has
only the one componert, since we have determined the boundary of these componerts and there are no
closedcomponerts. We will not argue the non-existenceof boundarylesscomponerts, but by Lemma 6.7
even if there were boundarylesscomponerts, they would be irrelevant sincethey would not crossany other
componerts. By following families of collinearities from the boundaries,one can seethat noneof the Co;|[f ]
has both boundary points on the sameface of the simplex. Moreover, in both the trefoil and gure eight
examples,all the strand crossingsin the diagrams Figures 6.10and 6.11 consistertirely of Co3[f ] strands
crossingover Co1[f ] strands, an elemenary obsenation from Figures 6.8 and 6.9.

To compute the orientations of the strands in Figures 6.10 and 6.11, it sutces to compute the orien-
tations induced on the intersection of Co;[f ] with ¢ f‘izz) , since every strand is incident to one of these
faces. The orientation of these points is given (up to a choice of orientation of Co;13) by the sign of the
determinant det[f (t;)i f (tk);f °Fti); f Ytw)] where (ta;t2;t3) 2 Coi[f]\ ¢ ? and f1;2;3g = fi; k; 29. To see
this, considerthe identi cations of the (i = 2) stratum of C3[R3] with R3£ (R®j f0g) £ S?. The orientation
asseiated to Co;[f ]\ ¢ 3 is the transverseintersection number of evs[f Jj, 2 with Co;[I13] nu C3[I3], which
quickly reducesto the sign of the above determinant.

This analysis gives us the orientations in the "gures, which allows us to establishthe following.
Theorem 6.12. For the trefoil knot °, is +1, and for the gure-eightknot®, = j 1j 1+ 1= 1

Corollary 6.13. The self-linking invariant, °,(K) is equal to the z2 coextcient of the Alexander-Conway
polynomial, c,(K).
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Proof. The spaceof type two invariants is spannedby the Conway coezcient ¢, and the constart function
1, which have independert valueson the unknot and the trefoil. By Theorem 5.2, °, is type two. Both °,
and ¢, vanish on the unknot and take value 1 on the trefoil, and therefore must coincide. o

7. Quadrisecants

In the last sectionit wasclearthat the key to computing °,(K) wasidentifying crossingsof Co;(K) and
Co3(K), which by Lemma 6.7 correspond to quadrisecarts on the knot. In this section we elaborate on
this to compute °,(K) by courting quadrisecarts of K. We end this sectionwith a result on quadrisecarts
of a closedknot and applications to stick number of a knot.

The subspaceof C4(1®) consistingof con gurations of four points which are collinear has preciselytwelve
componerts. If (X1;X2;X3;X4) is a quadrisecar, orient the line on which they sit by the convertion that
the vector X, | X; be positively oriented. A choice of orientation determinesa permutation of f1;2; 3; 4g
given by ¥i) = j if the i-th point on the line is xj. Note the permutations achieved are precisely the
permutations such that 32) > ¥(1), and there are twelve of these.

De nition  7.1. Let G, denotethe subspaceof C4(R?) consisting of collinear con gurations labeled by the
4-cycle (1342). Let K p 12 be a knot, parametrizedby f : 1! 13, We assaiate a sign 2, to a quadruple
x = (f (t);f (t2);f (t3);f (t4)) 2 G by dening it to be the sign of the determinant of the 2£ 2 matrix:

f(ta) i f(t2)] Gdety; f ta): FAta)] jf (ta) i f (ta)] Cdetlv: f At2): f Ats)]"
jf (ta) i f(t2)j edetlv;f Ata);f Ata)] jf (ta) i f(to)j edetlv;f Yt2);f Ats)]

wherev = f (tp) i f(t1).
With this sign convertion in hand, we give an alternate de nition of our self-linking invariant.

Prop osition 7.2. Let K = im(f) be a knot K p I3, If evy(K) is transverseto G, then
X
°2(K) = 2y
X2C4(K)\C 4

Proof. Asin Lemma 6.7, project the link evs(f )i *(Co;[I®]) onto ¢ 2 by %, which forgetsthe t; coordinate.
Let L = Coq4[f][ Cos[f]. Notice that sinceCo;[f ] has boundary in ¢ (31:2) and ¢ (33:4) , and Coslf ] has
boundary in ¢ (32:3) and ¢ (31:0) , the crossingpoints of the Yprojection of L di®er from the crossingpoints
of the %projection of Co[f ][ Coz[f ] by adding crossingswhere Co,[f ] strands crossover Co 3[f | strands.
Therefore the linking number of L is preciselythe crossingnumber of the Yprojection of Co4[f ][ Coslf],
where we count only Co3[f ] strands crossingover Co[f ].

We next investigate sud crossings. As in Lemma 6.7, denote the two preimagesof the crossingpoint
by (t5;t5;t3) and (t9;t3 = t3;t9 = t5). We deduce,by the de nitions of Co;[f ] and the fact that Cogz[f]is
the over strand, that t§ > t? with f (t3) betweenf (t5) and f (t3) and f (t9) betweenf (t3) and f (t3) on the
sameline L . With respectto L's orientation we have the order relation f (t7) < f (t3) < f (t3) sothe only
possibleorder relation for the f (t%'s on L is f (t3) < f (t9) < f (t9) sinceonly the t; coordinate changes.
Therefore, we have the order relation f (t]) < f (t5) < f(t?) < f(t3) on L and thus our permutation is
Y5 = (1342).

The sign of 2, is straightforward to justify. As arguedabove, we are courting the transverseintersection
number ev4(C4(K)) \ G. Orient C4(K) using the standard product orientation of its domain and G, by
making the identi cation R3£ (R3j fOg)£ (0;1 )£ (0;1) " C by (x;Vvit1;t2) 7] (X, X+ V;X| t1v;X+ t2v)
and giving it the product orientation. Both C4(K) and G, have trivial tangent bundles, given by the above
product structures. Thus, the points in the transverseintersection ev,(C4(K)) \ G have orientations given
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by the sign of the determinant of the basis consisting of the two trivializations,

8 9
% I rs 0 0 0 f Ytq) 0 0 0 3
I ra R 0 0 0 fqt,) 0 0 =
im0 JEgEle T 10 0 0 0 %) 0 g
“lgs }f(t:);if(ti)}le 0 f(t)i f(t1) 0 0 0 f At4)
which rapidly reducesto the formula in the statemert of the proposition. o

We now turn our attention to closedknots, which are smooth embeddingsof St in R3.

De nition  7.3. Let K denotethe corvex hull of the knot and de ne the set of external points of the knot
to be K\ @.

The external points of a knot generically consistsof a nite number of closedintervals provided the
knot is non-trivial.

Given an oriented closed knot K with parametrization f : S | R® and an external point p 2 K,
linearly order the points in K j fpg using the ordering induced by the orientation of K. Consider the
componert of C4[K | fpg] for which t; - t, - t3 - ts4, which we call CJ[K i fpg]. Provided evy(f) :
Co[Sti fil(p)]! C4[R%is transverseto G, we can give a point in the intersection x 2 C4(K)\ G such
that x = (f (t1);f (t2);f (t3);f (t4)) a sign2, exactly asin De nition 7.1

Lemma 7.4. With conventions as alove,

X
C2K = Zx:
X2C4(K)\C 4

Proof. Translate and scalethe knot sothat its image liesin 13. \Op en" the knot at p to give a long knot

f=: 11 13, Notice that when we openthe knot to create f~we may create new quadriseca}gs, but by design
the asseiated permutation % of thesequadruplesmust x either 1 or 4. Thusthe sum  ,,¢, k)¢, %« IS
is precisely °,(f), which by Corollary 6.13is c,(f). a

We now establish that the (1342)-quadrisecats of knots with boundary correspond to a special kind
gquadrisecarn of closedknot.

De nition 7.5. Let L be an oriented line that intersects an oriented knot K in four points P =

the subscripts of p;'s (which are understood modulo four) are consistert with the cyclic ordering given by
K. Let m = X23X3 We call P an NSNS quadrisecar if p; j m and pi+1 j m are negative multiples of
ead other for all i.

Perhaps a better name for NSNS quadrisecaris would be alternating quadrisecars, but the term
NSNS is prevalert in the literature. Note that this de nition is invariant under the action the subgroup
h(1234); (14)(23)i ¥2 S, on indices.

De nition  7.6. Let K and L intersectin an NSNS-type quadrisecarn P asabove. We call the componert
of K nP that hasboundary equalto fX;;x3g the middle componert of the quadrisecan on K.
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|

Figure 7.7.
T C
’plle [D3:X2 }pozxg, P2 = X4

A quadriseeant P = K\ L with middle component C.
Lemma 7.8. Given a quadrisecant P = L \ K of a closal knot K, it is a (1342)labeled quadrisecant
for some external point p 2 K if and only if the quadrisecant is of type NSNS and its middle component
contains
an external point of the knot.

Proof. If p is an external point making x into a (1342)-labeled quadrisecar, it is clear that it is of type
NSNS. If, on the other hand, L is a line intersecting K in an NSNS-quadrisecaty and p 2 C is an external
point, begin assigninga cyclic ordering to the points of x by giving the label 1 to the rst point of x that
occurs after p in the ordering of K. Notice that the label 4 must be betweenthe points labeled 1 and 2 as
this is a cyclic ordering and 2 and 4 must occur on the sameside of the midpoint m. Thus the permutation
assaiated to this quadrisecar is ¥ = (1342). a

The con guration spaceCy4[S'] has six componerts; let C[S*] denote the componert where a con gu-
ration (ty;t,;ts;t4) hasthe cyclic orderingt; - t, - t3 - tg - t;. Let usalsobe more de nite about the

that the boundary of the middle componert C of P on K is f+po; i psg, asin Figure 7.7. Let v.= p1i po,
and let p? be the unit tangent vector of K at p;. Also, we may assumeK \ @ consistsof a nite number
of componerts and let n_ be the number of componerts of C\ @X.

Prop osition 7.9. Given an oriented knot K = im(f ), suchthat evs4(f) : CJ[S!]! C4[R?] is transverse
to G, and K\ @ consists of a nite collection of intervals then T
L& sig det [P Pucdetivipdipd] o i poj edetv;pdiIg)

e(K\ &)j |

jps i puj ¢detlv;pg;p] jps i poj edet[v; pt; 18]
whete the sum is taken over lines L that intersect K in an NSNS-type quadrisecant.

K =

Proof. Combining Lemmas 7.4 and 7.8, the above sum is simply m times the sum of the equation
givenin Lemma 7.4 where we sum over the componerts of %K \ @, choosing one external point for eact
componert of K\ @. o

Remark. A simpler proof than the one we gave earlier that this invariant is type two can be given using
the above quadrisecart summation formula. This stems from the fact that cournting quadrisecarts on
the embedding level is type 2. Bar-Natan, Hutchings, and D. Thurston had conjectured a corresponding
invariant at the level of isotopy.
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Corollary  7.10. Given a knot S* ! R3 that has a non-zew z? coexcient in its Alexander-Conway
polynomial, then there exists an NSNS quadrisecant of the knot

Proposition 7.9 givesa partial corverseto the main results of [28, 27, 24], in which a knot is showvn to
be trivial if it hasno quadrisecans. Corollary 7.10 resolvesa special casethe conjecture of Pannwitz[ 28]
that NSNS quadrisecarts exist for all non-trivial knots. The full conjecture hasrecertly beenresoled in
the dissertation of Denne[9], which is currently being written.

We give simple applications of these results to bounding the complexity of minimal polygonal and
polynomial realizations of a knot. The stick number of a knot is the minimum number of line segmems
among all piecewiselinear knots equivalert to a given onein R3. There are various relationships known
betweenthe stick number of a knot and other invariants of the knot which are ditcult to compute suc
asthe crossingnumber. See[29)] for a survey of known results on the stick number of knots.

Let K be a polygonal knot. If L is a straight line that intersectsK in preciselyfour points, then all the
points of K \ L sit on di®erert line segmets in K. We assiate to L a setseg(L) consisting of the four
line segmerts of K that contain K \ L.

Lemma 7.11. A polygonal knot in geneal position has nitely many quadrisecants. The function L 7]
segL), is at most two-to-one.

Proof. Let f;(t) = x;+tv; for somex; 2 R®andv; 2 R®; fOgandt 2 | be parametrizations of line segmers
of K fori 2 f1;2;3;4g. Apply a small isotopy of K sothat any three of the four vectorsvs;vs;vs;v, are
linearly independert. Now considerthe extensionsof f; to all of R, and restrict our attention to the rst
three functions f 1;f,;f3. There are three caseswe can consider:

Casel) The imagesof the f; are disjoint.

Case?2) One pair, say f, and f, intersectin a point, and

Case3) f; intersectsfi.; fori 2 f1;2g.

In casel, there is a unique atne-linear transformation T of R3 such that T +f 1(t) = (t; 0;0), T £f 5(t) =
(O;t;1) and T £f3(t) = (1;1;t). Atne-linear transformations do not change collinearity properties, so
without loss of generality we can restrict ourselvesto studying quadrisecarts of thesethree lines and an
arbitrary f4(t) = x4 + tv4. The closure of the union of all lines L which intersect each of im(f;) for
i 2 f1;2;3g is the algebraic variety V = f(x;y;z) 2 R® : (x + zj 1)y = xzg. Moreover, ewvery point in
V belongsto at most one line that intersectsead of im(f;) for i 2 f1;2;3g. Therefore, a straight line L
that intersectsim(f;) for i 2 f1;2;3;4g corresponds to a point in the intersection V \ im(f4). Because
V is a quadratic surfaceV \ im(f4) can consist of 0;1;2 or an in nite number of points. SinceV is a
ruled surface,innite intersectionsV \ im(f4) occur only whenim(f 1) %2V which is a codimension three
condition, not occurring generically This provesthe theorem in casel.

Case?2 and 3 are almost identical to casel. In case2, we can use an atne-linear transformation to
corvert the straight linesf;f,;f3 into the family f1(t) = (t; 0;0), fo(t) = (0;t; 0) and f3(t) = (1;1;t). In
this casethe algebraic variety of collinear triples is a subvariety of f(x;y;z) : x = y or z = 0g, and the
result follows immediately. In case3, we usean atne linear transformation to convert the rst three line
segmers to f1(t) = (t;0;0), fo(t) = (0;t; 0) and f3(t) = (0;1;t), making the variety of collinear triples
f(x;y;z) :z=0or x = 0g. o

Theorem 7.12. Given a PL knot K, let n(K) be the numker of line sgmentsin K. Then
L 1
jcei - in(i)
2 4

Proof. Provided the knot K is in generalposition, we can assumeit hasa nite number of quadrisecarts,
and that no quadrisecart has a point in the O-skeleton K© of K. Let K. be the epsilon-smmthing of
the knot K, which is a smooth knot sud that if B:(v) is the epsilon ball about a vertex v of K, then
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Ki [v2koBz(v) = Kz j [ y2k0oB:(v) and the knots K \ B:(v) and K-\ B:(V) are isotopic in a restricted
sense.

Notice that for some? > 0, K: hasall the quadrisecarts of K, and we leave it to the readerto arguethat
it can have no more NSNS-quadrisecats using compactnessof the segmeits of K and the fact that none
of the quadrisecarts intersect K °. BecauseK: satis es the criteria of Lemma 7.4, K satis es the criteria
of Lemma 7,11, and both knots have exactly the same collection of NSNS-quadrisecats, the inequality
’CTZ’ . '”(f) comesimmediately from the fact that the function L 7] seg(L) is at mosttwo to one. ®©

In a similar vein is the following theorem.

Theorem 7.13. Let K be a long knot R | R® parametrized by polynomials of degree n with leading
coexcient 1. If evy(K) is transverseto G then jcy(K)j - (2n)%.

solution to a system of equationsincluding for example

(x(t2) i x(t2)) (y(t2) i Y(ta)) = (y(t1) i y(t2)) (x(t2) i x(ts)):

There are four such equations, eac of degree2n soBezout's theorem implies that if there are "nitely many
solutions there are at most (2n)*. a

Using Propositions 7.2 and 7.9 to "nd relationships between jc,j and more subtle and geometric but
lesscomputable invariants is worthy of further study. The bounds we have just obtained for polygonal
and polynomials knots are likely not the best possible. It also seemsreasonablethat one might be able
to get a lower-bound on the total curvature of a knot using the above results on quadrisecarts for a knot.
According to Istvgn F8ry [17], perhapsthe rst proof of the F@ry-Milnor theorem is due to Heinz Hopf.
F@ry mertions that the key part of Hopf's unpublished proof is the quadrisecan result of Pannwitz.

We concludeour paper with illustrations of Proposition 7.9.

All2, = +1, n_ =1, %K\ @& = 3
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