THE GENERALIZED CUSPID AL COHOMOLOGY PR OBLEM

ANNEKE BART AND KEVIN P. SCANNELL

Abstra ct. Let i ¥2SO(3;1) bealattice. The well-known bending deformations , intro duced by Thurston
and Apanasov, can be usedto construct non-trivial curvesof represertations of j into SO(4; 1) when j nH3
contains an embedded totally geodesic surface. A tangent vector to such a curve is given by a non-zero
group cohomology classin H1(j ;R‘l‘). Our main result generalizesthis construction of cohomology to the
context of \branc hed" totally geodesic surfaces. We also consider a natural generalization of the famous
cuspidal cohomology problem for the Bianchi groups (to coezcients in non-trivial representations), and
perform calculations in a nite range. These calculations lead directly to an interesting example of a link
complement in S2 which is not innitesimally rigid in SO(4;1). The rst order deformations of this link
complement are supported on a piecewise totally geodesic 2-complex.

1. Intr oduction

1.1. Bianc hi Groups. Letdbea nega_tive square-freeinteger and denote by Oy the ring of integersof the
imaginary quadratic number "eld Q(' d). The Bianchi groupsj 4 = PSL(2;04) are discrete subgroups
of PSL(2;C), studied as far badk asthe 1890'sby Picard and Bianchi (seefor instance [6]). In the last
100yearsa wide array of techniques have comeinto play in studying these groups and the corresponding
3-orbifolds, from number theory, geometric group theory, spectral geometry, and 3-manifold topology.

Our interest in these groups comesprimarily from studying the topology of hyperbolic 3-manifolds, as
many famousand beautiful examplesof cusped hyperbolic 3-manifolds coming from "nite index subgroups
of the Bianchi groups.

For a variety of reasonst is a fundamental questionto study the cohomologyH “(;j ; R) of arithmetically-
de ned subgroupsj of PSL(2;C) (or of the isometry group of higher-dimensionalhyperbolic spaces).Since
H" is cortractible, we have

H(i ;R) 2 H®(i nH";R)

and one can usetopological and analytic techniquesto compute cohomology(e.g. Hodgetheory if j nH" is
compact). The question becomesa bit more interesting when j nH" is not compact. In the 3-dimensional
case,one obsenes that j nH3 is the interior of a compact 3-manifold with boundary M, in which case
the computation of, say, H'(M;R) can be performed in terms of the kernel and image of the restriction
HY(M;R)! HZ(@;R). Sincethe dimension of the image is computable using duality, we focus on the
kernel of restriction; this subgroup can be identi ed with the cohomologyof j nH® with compact supports,
the spaceof harmonic cuspforms [2(], or the paralolic cohomolayy PH 1(j ; R) (de ned in x2). If the space
of harmonic cusp forms vanishes,we say | has vanishing cuspidal cohomolayy. The main achievemert in
this areais the following result:

Theorem 1.1. The Bianchi group j 4 has vanishing cuspidal cohomolay if and only if
d2fi i 2 3i 5 6i 70 11§ 15 19i 23i 3L 39 47,i 719
Certain vanishing results for small d use explicit presenations for j 4 (some of which can be found in
[2], [34], [38]) while the result above was made de nitiv e in [41] using the so-calledMendozacomplex[31].
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The non-vanishing results can be found in [5], [17], [35], and [43]. The Lefschetz xed-point technique
dewveloped in Harder's papers[19], [20] was also critical in this developmert.

1.2. Generalized Cuspidal Cohomology . In this paper we will considerthe generalization of the cusp-
idal cohomologyproblem where the trivial coezcients are replacedby somenon-trivial “nite-dimensional
represenation of SO(3;1). Our choice of coetcients is guided in part by Raghunathan's vanishing the-
orem [7], [18], [37], [33]: For any discrete cocompact subgroup j of a connectedsimple Lie group G and
any irreducible, “nite-dimensional real represettation V of G, we have H(j ;V) = 0 unlessG is locally
isomorphic to SO(n; 1) or SU(n; 1). In fact, if G is locally isomorphic to SO(n; 1) then H(j ;V) = 0
unlessV = HI\y where Vj is the standard represeration on Mink owski spaceer1+l and Hi V, denotesthe
spaceof harmonic polynomials on Vg of degregj . In this paper, we will considercoezcients in the standard
represenation R%; we do soin part becausethis caserepresers the simplest unresolved casein light of
Raghunathan, but more signi cantly becauseof an important geometric interpretation of PH1(j ;R$) in
terms of bending deformations and their generalizations. We will provide the details of this connectionin
x2 and x3, remarking for now that most known constructions of non-zeroclassesn PH 1(j ; RY) comefrom
the presenceof an embeddedtotally geadesic surfacein the 3-orbifold j nH3. Sincethe Bianchi orbifolds
(and the arithmetic manifolds commensurablewith them) contain in nitely many immersedtotally geo-
desicsurfaces[28] we expect computations like the onesin this paper will provide a fruitful testing ground
for any conjectural picture of the deformation theory of SO(3; 1) lattices.

1.3. Main Results. Our main results can be summarizedas follows. In x3, we usethe spectral sequence
asseiated to a j-complex to give a generalization of the bending construction to \branched" totally
gedesic hypersurfaces(including immersed surfaces); see Theorem 3.1. We also obtain, in x4, some
partial results on the generalizedcuspidal cohomology problem by making calculations in a "nite range,
shawing in particular that PH(j ¢;R}) = Oford={ 1,i 2;i 3;i 7;i 11 15. Using Theorem 3.1, this has
the consequencdhat ead of the (in nitely many) immersed closedtotally geadesicsurfacesin the above
mentioned Bianchi orbifolds j 4nH? is \far from embedded" (seex3 for the precisede nitions). Finally, we
give an interesting example of a link complemert in S® such that PH(j ;R?) 6 0, with non-zeroclasses
supported on a piecewisetotally gealesic2-complex. Seex5.

2. Cuspidal cohomology and def ormation theor y

2.1. Innitesimal Deformations. We will review in this sectionthe connectionbetweenthe cohomology
group PH(j ; R}) and deformations of a lattice j in SO(3;1) into SO(4; 1).

More generally, consider the inclusion ¥ : j | SO(n;1) of a lattice in SO(n; 1) and consider the
spaceof represerations Hom(j ; SO(n; 1)). The structure of this spacein a neighborhood of % has been
well-understood for sometime; it is a consequencedf the local rigidit y results of Calabi [9] and Garland-
Raghunathan [13] that a neighborhood consistsof represenations conjugateto ¥ whenewer n > 3 (and in
the cocompact casefor n = 3). Mostow Rigidity strengthensthis to a global result: any discrete, faithful
represertation %22 Hom(j ; SO(n; 1)) is conjugateto % (for n , 3). To obtain an interesting deformation
theory, we caninclude SO(n; 1) ! SO(n+ 1; 1) and study the represeration variety Hom(j ; SO(n+ 1;1))
in a neighborhood of the inclusion %3.

Given¥s 2 Hom(j ; SO(4; 1)), a deformation of %3 is a smooth curve 2 : [0;2] ! Hom(j ; SO(4;1)). The
tangent vector to a deformation ¥ at t = 0 can be described by assigningan elemen of the Lie algebra
so(4;1) to ead element asfollows

of°) = U )A°)
The fact that ead % is a homomorphism di®ereriiates to the condition that this function c:j ! so(4;1)
satis” es the cocycle condition

c(°1°2) = ¢(°1) + Ad(°1)c(°2)
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for all °1;°, 2 i, hencec 2 Z(j ;so(4;1)) is a group cocycle, where the action on so(4;1) comesfrom
the adjoint represenation. Not surprisingly, deformations coming from conjugation in SO(4; 1) produce
tangent vectorsin B1(j ;so(4; 1)) and soit is sensibleto think of the group cohomologyH (j ; so(4; 1)) as
the \space of in"nitesimal deformations" of % in SO(4;1).

In what follows we will assumethat % : j | SO(3;1) 2 SO(4;1). When %(j) contains parabolic
elemers, we will only be interestedin in nitesimal deformationswhich are trivial on the parabolics. Thus
we de ne

PZ(j ;s0(4;1)) = fc2 Z1(j ;sa(4;1)) j for parabolic ® 2 j;c(°) 2 im(1 °)g
and de ne the paratolic cohomolay
PH(i ;so(4:1)) = PZ(i ;s0(4; 1))=B(i : so(4; 1)):
A critical obsenation for usis that the Lie algebraso(4;1) splits when viewed as an SO(3; 1)-module:
so(4;1) 2 sa(3;1) © R}
inducing a splitting in cohomology
H'(i ;s0(4;1)) 2 H'(i ;s0(3;1)) © H'(i ;RY)

and similarly in parabolic cohomology It is typical in our setup for j to be a lattice in SO(3;1) in which

caseH 1(j ;s0(3;1)) = 0when is cocompact[9], [47] and PH1(j ;so(3; 1)) = 0in the non-cocompact case
by [13]. For trivial coezcients, the parabolic cohomologycoincideswith the kernel of the restriction map
from H(j nH3) | H(@j nH?); the secondauthor [37] showed that the sameis true for PH(j ; R}).

Thus, when working on the generalizedcuspidal cohomology problem as preserted in the intro duction, it

sutces to compute this parabolic cohomologygroup. To summarize: the cuspidal cohomolay of j with

coezcients in the standard representation parameterizesin nitesimal paralolic-preservingdeformations of
i into SO(4;1).

2.2. Kno wn Results. There are only a couple of known vanishing results in this cortext. Kapovich [23]
has obsened that when j is a lattice in SO(3; 1) generatedby two parabolic elemeris (equivalertly when
i nH3 is the complemen of a hyperbolic two-bridge link in S* { see[1]) then PH1(j ;R}) = 0, in which case
we sa j is locally rigid in SO(4;1). This result is discussed(and applied) in the context of the Bianchi
groupsin x4.1 below. For closed3-manifolds, the strongest statemert was given by the secondauthor in
[37], where it was shavn that one can obtain in"nitely many locally rigid examplesby Dehn “lling on a
locally rigid one-cusped 3-manifold.

In terms of non-vanishing, the bending construction produces non-zero classesin H(j ;R}) in the
presenceof a closed,embedded,two-sidedtotally geadesicsurface(readersunfamiliar with this construction
are directed to x3 where a more generalresult is proved). There are a handful of other isolated examples
whereit hasbeenshawvn that H(j ;R?) 6 0 (e.g. [3], [4], [29, [3€], [39]) but nothing is known in general.

Potyagailo has asked when an immersed, non-embeddedtotally geadesic surfacegivesrise to an in n-
itesimal deformation into SO(4; 1) (as attributed in [24]). This was a major motivating question for the
presert paper, given the abundance of totally geadesic surfacescontained in the Bianchi orbifolds and
their nite covers. We note rst that, by the main result of [27], there always exist (probably large) nite
covers which admit bending deformations. On the other hand, our computations in x4.2 shawv that there
exist many immersed totally geadesic surfacesin the Bianchi orbifolds that do not give rise to elemerts
of PH(j ;R%), and in fact the full cohomologygroup H(j ; 3;Rf) = 0 for d = j 3. The in nitesimal
deformations constructed in x5 are supported on a piecewisetotally geadesic 2-complexin an 12-sheeted
cover of j , 7nH3 but appear not to be supported on a single closedtotally geadesicsurface.

Our broaderstudy of PH1(j ; R?) for knot and link complemers in S® wasin°uenced alsoby a conjecture
of Menascoand Reid [30] which states that no hyperbolic knot complemer in S® cortains an embedded
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totally gedadesicsurface. This conjecture is not addressedin this paper in light of the fact that the "gure-
eight knot is the only knot appearing asa nite index subgroup of a Bianchi group (and, aswe will explain
below, PH! = 0in this case).

3. The spectral sequence associated to a j-complex

3.1. Preliminaries. Let j be a nitely preseried group which acts on a vector spaceV of characteristic
zero.

Given a cellular action of j on a complex X, there is a spectral sequencg8, Ch. VII] which computes
H1(j ;V) in terms of the cohomologyof the simplex stabilizers. Things are substartially simpler when the
ji-complex X is cortractible, asit will bein our setup. In this case,the E; term is given by:

EL = OH (i % V)

where the direct sum is over a set of represettativ e p-cells ¥ and j 5, is the stabilizer of 3% If ¢ is a
face of % then the fact that the action is cellular meansij s p i, and so there is a restriction map
HoG V) ! H s V). If %= °% for arepresenativ e cell %, then j s, = °j3°] 1 and we may follow
the restriction map by the map induced by conjugation; this composition is essetially d?.

3.2. Branc hed totally geodesic surfaces. Wewill now describe in more detail a technique for obtaining
non-vanishing results from \nearly embedded" totally geadesicsurfaces.

One way to describe the bending deformations along embeddedtotally gealesicsurfacesis in terms of
the free product with amalgamationor HNN decompositions which they induce. In other words, if a totally
geddesicsurfaceS decomposesa 3-manifold group j into j 1 @, (s) i 2, then bending can be expressedas

%(°)=°for° 2 {1 and %(°) = ®&°@& *for° 2 i,

where ® is a one-parameterfamily of rotations in SO(4; 1) commuting with the Fuchsian group ¥4 (S).
Johnson and Millson [27] work out this point of view in the more general caseof a nite collection of
embedded surfacesdecomposing i as a graph of groups

In nitesimally , this amourts to an application of the spectral sequenceof the previous section to the
tree assaiated to the graph of groups decomposition. The sequencecollapsesto a long exact sequenceof
the form:

HOG;RD! OHOG ;RD ! OH G %R ! HI;RH! ©H( ,;R!

where the ¢ are represertativ e vertices (hencethe i , are fundamertal groups of three-dimensional com-
plemertary regions) and the ¥ are represertativ e edges(hencethe j 5, are Fuchsian surface groups). The
st two terms above are clearly zero; eah H? in the next term is one-dimensionaland when included
into H1(j ; R}) theseare preciselythe tangert vectorsto the bending deformations assaiated to the given
decomposition. In fact, if oneis only interested in the deformation-theoretic properties coming from the
given decomposition, it is conveniert to imposethe requiremert that H(j ,;R}) = 0 for each vertex ¢, and
de ne the resulting classesn H(j ;R}) to be in nitesimal bending deformations.

In the caseof a family of (possibly intersecting) immersedtotally geadesicsurfaces,j is decomposedas
a complexof groups[24]; and one can attempt to compute deformations and in nitesimal deformations of
i in this way. Finding integrable deformations appears quite ditcult (this is the content of Potyagailo's
question) sowe can begin by computing H 1(j ; R}) using such a decomposition.

Kapovich and Millson de ne a branchel totally geodesicsurface S in a hyperbolic 3-manifold M = j nH3
to be a closed subset that is locally modeled on either a totally geadesic plane or the \binding" of a
collection of (three or more) totally geadesichalf-planesmeeting in a geadesicsegmen. The set of points
with neighborhoods of the latter type is the branch locus B. We follow the presenation of [24], though we
allow, additionally, triple points comingfrom totally geadesicplanescrossingthe branch locustransversely
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Givensud a surface,the complexof groupsdecomposition of j comesfrom an action of ;| onthe abstract
complex X \dual" to the universal cover S in H®. The vertices of X correspond to the (3-dimensional)
connectedcomponerts of H® | S; two vertices are joined by an edgewhen the corresponding subsetsof H3
are separatedby a componert of Sj B. The edgescorrespond to thesecomponerts of Sj B and the faces
correspond to the componerts of the branch locus B. Fortunately, since we are only interested in rst
cohomology the 3-dimensional cells coming from triple points in S can be ignored (indeed, the stabilizer
of such a cell is "nite and so the relevant column Eg;j = OHI (i ,;R}) in the spectral sequencevanishes
anyway).

The action of | on H® induces an action on the strata and complemerary regionsof S and henceon
X. We assume(1) the normal bundles of the leaves have no holonomy which ensuresthe action has no
edgeinversionsand (2) the fundamertal groupsof the 3-dimensionalcomplemenary regionsare irreducible
subgroupsof PSL(2;C). Our de nitions imply that every edge¥.has a (possibly elemerary) Fuchsian
stabilizer j 4,

We have the following rst order generalization of the bending construction:

Theorem 3.1. SupmseM = jnH?3 is a complete hyperbolic 3-manifold containing a branchel totally
geodesic hypersurface S with branch locus B. Let ¢, be the numbker of two-dimensional complementary
regionsin S B (edgesin the complex of groups) with non-elementary Fuchsian fundamental group, and
let c; be the numker of components of B (2-cells in the complexof groups). Then the space of in nitesimal
bending deformations supported on S (a fortiori H(j ; R})) hasdimension at least c; | 2c;.

Proof. In our setup the E&l term is a sum - H(i .;V) where the j , are the fundamertal groups of
the 3-dimensionalcomplemerary regionsand, as above, the in nitesimal bending deformations form the
subspaceof H(j ; R}) computed by setting EJ.; = 0. Having declaredthis, any classeswhich survive in
Ef;o will surviveto E* . But we get a lower bound on the dimension of this spaceby a trivial dimension
count: By assumption,there arec, regionsin Sj B with non-elemenary Fuchsianfundamertal group; each
sudh group j 5, has a one-dimensional xed setin R} (the perp of the inde nite plane it leavesinvariant)
and sodimH(j % R?) = 1. ThusdimE{, , c,. But in the worst case,the fundamertal group of eadh
componert of the branch locusis a purely hyperbolic elemert (with a two-dimensional xed setin R%) in
which casedim E2., = 2c;. Also by assumption, the vertex stabilizers have no invariant vectorsin R?, so
dim Ed,, = 0. Taking cohomology we 'nd dimEZ,, c;j 2c; asdesired. e

In the non-singular case(c; = 0), this is precisely the in nitesimal version of Johnson and Millson's
graph of groups estimate. Shamelesslyselecting the terminology to 't our result, we say S is nearly
emieddad when 2¢; < ©,.

The contrap ositive will be relevant in x4.3, where we provide examplesof Bianchi groups and subgroups
satisfying PH(j ; R}) = 0. In particular the corollary appliesto the complemers of the "gure-eight knot,
Whitehead link, and Borromean rings.

Corollary 3.2. Let M = j nH® be a complete hyperbolic 3-manifold suchthat PH (j ;R$) = 0. Then no
immersed closel totally gendesic surface in M is nearly emhedded.

Proof. If asurfaceS werenearly embedded,then the previoustheoremgivesa non-zeroclassz in H (j ;R?)
supported on S. Since S is compact, z 2 ker(res). But PH(j ;R?) = ker(res) by [37], contradicting the
assumptionthat PH?! = 0. a

It should be noted that the paper of Kapovich and Millson goesmuch farther in developing a non-akelian
“rst cohomolayy variety by means of which one can analyze the harder integrability questions; seealso

(291, [2€].
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4. Comput ational techniques

4.1. Geometric argumen ts. Kapovich st obsened in [23] that PH(j ;R?) = 0 whenewr j is the
fundamental group of a two-bridge knot complemen.

Prop osition 4.1. If ¢ is alattice sulgroup of SO(3; 1) geneated by two paratolics, then PH (¢ ;R) = 0.

Proof. Let ® and o be the parabolic generatorsin SO(3;1), andlet c2 PZ(¢ ;R}) u PZ1(¢ ;so4; 1)),
using the splitting discussedin x2.1. Now c(®) = (1 i ®)vg, and c( o) = (1 i o)wo for some
Vo;Wo 2 so(4;1), and we can de ne two curves of parabolics ® = exp(tvo)® exp(tvg)i * and ~y =
exp(two) oexp(twg)i t in SO(4;1). The key geometric obsenation is that any pair of unipotents in
SO(4;1) leavesinvariant a round S? in S°; to seethis, imagine that the rst “xes the point at in nit y of
S® and acts astranslation along the x-axis (note that it is essetial herethat the elemern is unipotent and
not merely parabolic). The orbit of the point at in nit y under the secondunipotent determinesa straight
line *. The plane spannedby * and the x-axis (union the point at innit y) is the desired 2-sphere. Thus
the group generatedby ® and ~; is conjugate badck into SO(3; 1). This implies that [c] 2 PH (¢ ;so(3; 1))

and hencethat [c] = O. o
Corollary 4.2. PH(j ¢;R})=0ford=j 1;i 3;i 7.
Proof. Among the Bianchi groups, it is well-known that the groups j ¢ with d = j 1;j 3;j 7 contain

torsion-free nite-index subgroupscorresponding to two-bridge link complemerts in S® (it is also known
that theseare the only j 4 with this property [1],[14]). By the proposition, theselink complemerns have
trivial parabolic cohomologyand by a transfer argumernt we seethat thesethree Bianchi groups must as
well. a

Similarly we have:
Corollary 4.3. PH(j ¢;R}) = 0ford=j 2;j 15

Proof. We usethe existenceof commensurablearithmetic groups generatedby a parabolic and an elliptic
(of orders 4 and 6 respectively, see[14]). We beginin the sameway and then must arguethat an arbitrary
pair consistingof a nite-order elliptic and a unipotent in SO(4; 1) leavesinvariant a round S? in S3. Again
conjugate so that the unipotent xes in nit y and translates along the x-axis. Let C be the certer of the
Euclidean circle in S® "xed by the elliptic, and let ~ be the line through C perpendicular to the plane
cortaining the "xed circle. The plane spannedby * and the line through C in the direction of the x-axis is
left invariant and therefore de nes the desired S?. Finally, sincethese groups are merely commensurable,
we have chedked via explicit computation of the transfer maps (using the generatorsgivenin [14]) that the
intersectionswith i ;  and j ; 15 also have vanishing PH 1. o

4.2. Fox calculus. We will now recall a conveniert computational formalism due to R. H. Fox [11, 17];
our preseration follows Goldman [15], who usedthis approad in the casethat  is a closedsurfacegroup.

Let F™ denote the free group on m generators. A derivation of the group ring ZF™ is an elemen
D 2 Z1(F™;ZF™) which can be thought of asa Z-linear map from ZF™ to itself, satisfying

1) D(®)=2()D(® +®():
There are certain distinguished derivations @ = @@i corresponding to the generatorsof F™; these are

de ned by @x; = #%; . The f @qg satisfy many of the formal properties of freshman calculus, including the
\mean value theorem":

X
) aj (@)= (@a)(xii 1)

for any a2 ZF™.
The spaceof cocyclesfor a free group is quite simple, asthe next proposition shows.
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Prop osition 4.4. There is an isomorphism between V™ and Z1(F™;V) given by

3) (Vi;ii5vm) 7V (g 7! (@Q)Vi)

i=1
Proof. It trivial to ched that the expressiongivenin (3) de nesa cocycle. On the other hand, an arbitrary
cocyclec2 Z(F™;V) satis'es
c(g) = c(gi 1)
X

=c  (@)(xii 1)
(4) X

= « (c(@)*(xi i 1)+ (@g)c(xi i 1))

= (@c(xi):
for any g 2 F™. This de nes an inverseto the map in (3) by sendingc to (c(x1);:::;¢(Xm)) 2 V™. a

Now if | hasa nite preseration fxi;:::;Xm jra1;:::;rpg, then Z1(j ;V) is in one-onecorrespondence
with
(5) fc2 ZY(F™;V)jc(r;)=0forj = 1;:::;pg
which in turn is isomorphic to
X

(6) f(vi;iisvm) 2V™j (@rj)vi = Oforj = 1;:::5pg

i=1
by Proposition 4.4. This is the form which will be most useful for computations. We call the matrix
F = (@r;) the Fox matrix corresponding to the preseriation.

Suppose, returning to our primary setup, that | is a lattice in SO(3;1) generated by parabolics
X1;::5:Xm (e.g. the fundamental group of a hyperbolic link complemen as in x5 below). As above
Z1(j ;R}) = kerF; while in the caseof parabolic conomology we have that PZ(j ;R}) consistsof m-
tuples of the form (1§ X1)vi;:::;(1i Xm)Vm) 2 V™ in kerF. In practice, we compute kerF P where P
is the block diagonal matrix with 4 by 4 blocks (1 x;) and then throw out coboundaries (of the form
(v;:::;v)) and elemernts of kerP.

Slncewe are only concernedwith linear algebrain these Fox matrix calculations, we are free to choose
a corveniert basisfor R tailored to the group at hand. Recalling that the represenation of SO(3;1)° on
R is equivalert to the action of PSL(2; C) on the spaceof 2 by 2 Hermitian matrﬁ:esA ¢Q1 HAQA‘ e

selectthe following Hermitian matrices as basis elemens when working with j 4: I? 0 1 0 ,
Koo A" 10 ll o '
'0 1 ' 0 1 ° where! = -9 Having done so, all entries of the Fox matrix will be integers

or half-integers, facilitating calculation with the modern electronic computer.

We have performed these calculations for seweral of the exampleswith explicit preserations in [38] and
[10]. We restrict ourselvesto a brief discussionof the results for d = j 1;j 3 and how they relate to our
bending results from x3.

We know [38] that j; 1 hasthe following preseration:
< T;U;L; AjAZL? T?AL)2 ((TL)?: (U|ﬁ)2 TUTI Ul 3 (TA)3: (VUAL)S >
H 11 H 1 i ii 0 H 0 j1

whereT = 01 , U= 01 ,L= 0 i ,and A = 1 0

i ; 3 hasthe following group presernation:
< T;U;L; AjJAZ L3 (AL)Z LT ITTLUT; LT TULT i L TUT! tUt 1 (TA)3: (UAL)S >
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whereT:u L 1ﬂ Uzlvl L ! L:p ' 2 Oﬂ andA:po ilﬂ
01" 0o 1 ° o ! 1 0

In eadh case,a direct computation as outlined above recovers the fact that PH(j 4;R}) = 0. More is
true, however; it turns out that H1(j ; 3;R?) = 0, providing a strong negative answer to the questionraised
by Potyagailo in this case. We have looked for, but have not yet found, a concrete geometric argumert
along the lines of the previous subsectiondirectly accourting for this rigidit y.

We contrast this result with the obsenation that for d 6 | 1;j 3, the modular surfaceis embedded
and two-sided (see[10]), hencesupports a bending deformation; this shows that dim(H (j 4;R?)) , 1. Of

course,sincethe modular surfaceis cusped, these deformations are not trivieﬂ on paraﬁ)olics and therefore

do not dene classesn PH. If d = j 1 on the other hand, then the matrix mapsthe plane P

0
in the upper half spacemodel lying over the real line onto itself, but reverseﬁthe normalﬁpundle, making
1 2

the modular surface one-sided. Similarly, if d = j 3, then the matrix T = , mapsP to a

0o !
plane TP that intersects P. Hencethe modular surfaceis immersedin this case,and doesnot support
even a rst order deformation.

The only new value of d for which the Fox calculusapproad gave a vanishing result wasd = j 11 (again
using the presenation from Swan). We summarize the computations of this and previous sectionin the
following

Theorem 4.5. PHY(j 4;R})=0ford= 1 2i 3;i 7;i 11 15 Thus, for thesevaluesof d, none of
the in"nitely many immersed closel totally geodesic surfacesin the orbifold j ynH?® is nearly embedded.

4.3. Mendoza complex. For a hyperbolic 3-manifold M = j nH® with t toral boundary componerts, we
will seebelow
dim(PH(j ;R%) = dimH(M;R%) t
Note that this is di®erernt from the trivial coexcient casewhere
dim(PH( ;R)) = dimH,(M;R)j t+ 1:

For completenesswe will recall how to obtain this result for trivial coexcients, and describe why we obtain
a slightly di®erert result for non-trivial coezcients.

Our starting point is the following well-known fact about the cohomologyof 3-manifolds (see[37] for a
proof):

Prop osition 4.6. Let M be a compact, oriented 3-manifold with fundamental group j, and let V be a
vector space of characteristic zem acted upon by j . Assume @1 consists of tori. Then
dimH(j ;V) = dimkerres+ dim H%(¥a(@);V):
wher res denotesthe restriction on rst cohomolay.
Now considerthe long exact sequencan cohomologyfor the pair (M; @1 ):
HOM;V) ! HO(@;V)! HY(M;@1);V)! HY(M;V)! HY(@;V)!
HZ2(M;@1);V) ! H2(M;V) ! H2@;v) ! H3(M;@1);v) ! 0

For brevity, write x = dim kerresin what follows. When V = R, we have dimH°(¥4(@);R) = t and
sodimH?! = x + t. The sequencebecomes:

R! R'I R*HIL R R RUL ORI RYT RIQ
In the caseof R} coexcients, it is still the casethat dimH%(¥4(@);R}) = t (each parabolic Z© Z
corresponding to a boundary componert has a single xed (null) vector in R$). The sequencebecomes:

0 (RD'L (RY™'L (R (RD* ! (RY)IL (R (R)'L 01 0
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SincedimH,(M;V) = dimH(M; @) by duality, the assertionsat the beginning of the section follow
immediately.

It is illuminating to considerthe map H°(@1;V) ! H(M;@M);V). Supposethat @1 = T2, i.e.
the boundary consists of a single torus. A 2-cycle supported on @1 comesfrom H°(M) with trivial
coezxcients, and obviously this classdoesnot survive in H1((M;@1)) = H,(M). On the other hand, a
classin Ho(@;R?) comesfrom the null vector in RT "xed by the parabolic Z © Z subgroup; since this
vector is not invariant under all of ¥4(M) (in fact, no vector is), this classsurvivesin H1((M;@);R?).
This accourts for the di®erencein dimension of the cuspidal cohomology with trivial and non-trivial
coezcients.

Vogtmann [41] usedthe Mendoza Complex to compute the dimension of the cuspidal cohomologywith
rational coetcients. The Mendozacomplexis also a very usefultool for computing cuspidal cohnomology
with twisted coezcients. We will give a short description of the relevant de nitions and results. For a
more complete description we refer the readerto the original paper l?y Vogtmann |

The Siegel distance betweena point (z;r) in H3 andacusp, 2 Q( d), where, =

by

].
& ® 2 04 isgiven
L _kzi @+ Kkrk?
d(z) = e s
Where kk is the standard complex norm, and N < ®;~ > is the norm of the ideal of O4 generatedby
® and . Recall that the norm of an ideal can be computed in sewral di®erert but equivalert ways. If
< ® >< ® >=<n>,wheren 2 Zthenwesay N < ®  >= n. Alternativ ely, we can think of
N < ®, > asthe index of the lattice generatedby ® and ~ in the lattice generatedby 1 and! .
Given a cusp, , we de ne the minimal incidence setH (, ) asfollows:

H(,)=f(z;r)jd((zr);,) - d((z;r);*) for all cusps* 6 | g:
In other words, the minimal incidence set of a cusp , is the closure of the set of points in H3 which are
closerto , than to any other cusp. The Mendozacomplex X ¢ is given by
Xa= HQ()VH®)=  @i(,)
.61
Mendoza[31] proved the following theorem:

Theorem 4.7. (Mendoza)
(1) X4 is an SL(2;Ogq)-invariant, two-dimensional CW-complex, with cellular SL(2; O4) action.
(2) X4 is a deformation retract of H® by an SL(2; O4)-invariant deformation retraction.
(3) X4=SL(2;0q4) is a nite CW-complex.

In the next section, we actually perform the sameconstruction for a torsion-free nite index subgroup of
a Bianchi group, giving a Mendoza-like complex upon which the group acts freely. Sincethis is a manifold
and not an orbifold, we may apply the duality results from earlier in this sectionto obtain dim PH * directly
from H?2 of the complex.

Example 1. The gure-eight knot complemert has a fundamertal domain consisting of two ideal tetra-
hedra. Straightforward computations shaw that, conmbinatorially, the Mendozacomplex X coincideswith
a standard spinein ead of the tetrahedra.

Having computed the explicit elemens of PSL(2; C) which identify the edgesof X, it is fairly straight-
forward to compute the boundary matrix from C,(X;R}) ! Ci(X;R}). This yields dimH,(X;R%) = 1
and hence (as expected by the two parabolics argumert above) dim PH(j ;R}) = 0. Recall then that
Corollary 3.2 applies and there are no nearly embedded immersed totally gedesic surfacein the gure-
eight knot complemern. This result mitigates in part someof the frustration felt by the authors after failed
attempts at constructing explicit "nite covers of Dehn TTlings in which these surfaceslift to embeddings.
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Q

Figure 1. The link 82,

5. A link complement in the three-sphere

A pleasart by-product of our calculations of PH * for the Bianchi groups wasthe discovery of a certain
2-componert link in S® with non-zero parabolic cohomology supported on a piecewisetotally geadesic
2-complex analogousto the Mendoza complex. We should mertion that in earlier unpublished work, the
secondauthor shaved that PH! is two-dimensionalfor every Turk's headlink { seethe discussionin the
“nal section of [36].

The "nite index subgroupsof j ; ; have been studied in great detail by for instance Grunewald and
Hirsch. It hasbeenknown for sometime that there is a tessellation of H3 by ideal triangular prisms which
is invariant under i ; 7. We will be consideringa certain index 12 torsion-free subgroup of i ; 7 (denoted
i 7(12;21) in [16]) which has a pair of these prisms as a fundamertal region, and suc that j nH? is
homeomorphicto the complemert in S® of the link 82, depictedin “gure 1. It had beenshawn previously
by Hatcher that this link is commensurablewith i ; 7 (see gure 15 of [21] and section 6.8 of [4(]).

We have the following presenation of j from [16]:

i = fxy;zjxyxi Yyl tzyi Ixi Izxzi Ixzxi 1zi L xyxi lyi 1zyi 1zxi 171 yi 1zxzi lyzi lyg:

M T H f [
11 _ 1 0 R
We may choosex, Yy, and z sothat x = VY= . ,and z = . ) . We
01 2+ 2! ]ﬂ il "[F
H ' Mo T 'u
may once again choosethe basis of x4.2 for R%: 0! 01 i10 10 Doing
' 1 r o * 10~ o 1 " 01 °
S0, the elemerts mentioned above are given by 1 0 L
1 0O O 0 2 2 5 1 12 i4
_0111__0100§__%i4013§_
: 1 3 2 i4 il 4 5 i1 3 7
Direct computation shows that
% =1 xyxi Y@+ yitzyl XL z(A+ xz' Y@ xzxi Y));
@ S _
@ - Xy e zy ),
% = xyxi Yyl Y1+ zy! AL ozxz YL x(Li zx tzEh)));
% =1 xyx! Y1+ yitzyl fzxi Y1 Z1 ty' 1z))
@>

@ X(1i yx!ty @+ zy T+ zxd T2y (L zx2t YL+ yzE D))
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Figure 2. The Mendozacomplex for S®n g2,

% =xyxi ytt@a+zyi Y@ zx 2@ oy @ zx2i Y@+ yz )

Unfortunately, z is not parabolic in this presenation, soit is convenient to rectify this with the following
stratagem: If we introduce a new generator z° = zxzi !, the st relation (rearranged a bit) implies that
z = yxyi Ixi 1&0x' 1291 xy so fo: v z%isa generatlng set. Clearly z° as a conjugate of x, is parabolic
il +1 1
2! 1 +1 )

The setup of x4.2 and a computer-assistedcalculation of the Fox matrix shows then that PZ1(j ; R})
is 5-dimensional. Sincethe generatorshave no common xed vector in R, B? is four-dimensional and we
seedimPH1(j ;R?) = 1. In fact a generating cocycle can be taken to be 0 on the generatorsx and y and
vector [0; 1;j 2;0] on z°

We now discussthe samecomputation in light of the results of x4.3; it was shawn there that to obtain
the parabolic cohomologyit sutcesto compute H2(X; R}) for the Mendozacomplex X . The goal hereis
to acquire someinformation about the supporting piecewisetotally geadesicsurface. We mentioned above
that the fundamertal domain for this link complemern is given by two ideal double prisms as shown in

(it is, in fact,

“gure 2. -
Giventhat | = ¥/ wehaveA=0;B=45;C=1;D= E=0LF=1;G= %' H-=
1j ;1 =235 Al=q; BO= 241, co= 312, po= il 38  E%= 5; FO= 154, G%= 1 ,and1°= 1.
The necessarydentl cations are:
noy ;T Wy _lﬂ
'y 3., (fAFHGg! fCFEDY , '~ :fCDEFg! fHFAGY;
[ [
H H il
i1 1'+2 . Oy 1 0. lj 28 1 +2 | .
!+2ﬂ5i A fGHA%G! fDBYLY; iziﬂ! 3; | :fGHIg! fBDCg:
! 1 0 o ! iltil1l! 0
o 1 :fABCFg! fA%E GY; L2 1 :fABDEg! fIH¥F%EY;
S E R T mocona. 1 L1 N
fAEIGg! fB°A%EDY, . fFHIEg! fF°ABCY:

22 1 2 il 3
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B<iikm T
.
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Figure 3. Subcomplex of the Mendoza complex supporting a non-zeroin nitesimal deformation

As expected, PH1(j ; R?) is again one-dimensional,but examining the kernel of the boundary operator

shaws that the classesare supported on the subcomplex of X shavn (combinatorially) in gure 3. Note
that this is a piecewisetotally geadesicsurfacewith oneintersection curve and one complemerary region.

It

appearsto be distinct from the cyclesone gets from any of the immersed totally geadesic surfacesin

the link complemert.
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