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Abstra ct. Let ¡ ½ SO(3; 1) be a lattice. The well-known bending deformations , intro duced by Th urston
and Apanasov, can be used to construct non-trivial curvesof representations of ¡ into SO(4; 1) when ¡ nH3

contains an embedded totally geodesic surface. A tangent vector to such a curve is given by a non-zero
group cohomology class in H 1 (¡ ; R4

1 ). Our main result generalizes this construction of cohomology to the
context of \branc hed" totally geodesic surfaces. We also consider a natural generalization of the famous
cuspidal cohomology problem for the Bianchi groups (to coe±cien ts in non-trivial representations), and
perform calculations in a ¯nite range. These calculations lead directly to an interesting example of a link
complement in S3 which is not in¯nitesimally rigid in SO(4; 1). The ¯rst order deformations of this link
complement are supported on a piecewise totally geodesic 2-complex.

1. Intr oduction

1.1. Bianc hi Groups. Let d be a negative square-freeinteger and denoteby Od the ring of integersof the
imaginary quadratic number ¯eld Q(

p
d). The Bianchi groups ¡ d = PSL(2; Od) are discrete subgroups

of PSL(2; C), studied as far back as the 1890'sby Picard and Bianchi (seefor instance [6]). In the last
100 yearsa wide array of techniques have comeinto play in studying thesegroups and the corresponding
3-orbifolds, from number theory, geometric group theory, spectral geometry, and 3-manifold topology.

Our interest in thesegroups comesprimarily from studying the topology of hyperbolic 3-manifolds, as
many famousand beautiful examplesof cusped hyperbolic 3-manifolds coming from ¯nite index subgroups
of the Bianchi groups.

For a variety of reasonsit is a fundamental questionto study the cohomologyH ¤(¡ ; R) of arithmetically-
de¯ned subgroups¡ of PSL(2; C) (or of the isometry group of higher-dimensionalhyperbolic spaces).Since
Hn is contractible, we have

H ¤(¡ ; R) »= H ¤(¡ nHn ; R)
and onecan usetopological and analytic techniquesto compute cohomology(e.g. Hodgetheory if ¡ nHn is
compact). The question becomesa bit more interesting when ¡ nHn is not compact. In the 3-dimensional
case,one observes that ¡ nH3 is the interior of a compact 3-manifold with boundary M , in which case
the computation of, say, H 1(M ; R) can be performed in terms of the kernel and image of the restriction
H 1(M ; R) ! H 1(@M ; R). Since the dimension of the image is computable using dualit y, we focus on the
kernel of restriction; this subgroupcan be identi¯ed with the cohomologyof ¡ nH3 with compact supports,
the spaceof harmonic cusp forms [20], or the parabolic cohomology PH 1(¡ ; R) (de¯ned in x2). If the space
of harmonic cusp forms vanishes,we say ¡ has vanishing cuspidal cohomology. The main achievement in
this area is the following result:

Theorem 1.1. The Bianchi group ¡ d has vanishing cuspidal cohomology if and only if

d 2 f¡ 1; ¡ 2; ¡ 3; ¡ 5; ¡ 6; ¡ 7; ¡ 11; ¡ 15; ¡ 19; ¡ 23; ¡ 31; ¡ 39; ¡ 47; ¡ 71g:

Certain vanishing results for small d use explicit presentations for ¡ d (some of which can be found in
[2], [34], [38]) while the result above was made de¯nitiv e in [41] using the so-calledMendozacomplex [31].
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The non-vanishing results can be found in [5], [17], [35], and [43]. The Lefschetz ¯xed-p oint technique
developed in Harder's papers [19], [20] was also critical in this development.

1.2. Generalized Cuspidal Cohomology . In this paper we will considerthe generalizationof the cusp-
idal cohomologyproblem where the trivial coe±cients are replacedby somenon-trivial ¯nite-dimensional
representation of SO(3; 1). Our choice of coe±cients is guided in part by Raghunathan's vanishing the-
orem [7], [18], [32], [33]: For any discrete cocompact subgroup ¡ of a connectedsimple Lie group G and
any irreducible, ¯nite-dimensional real representation V of G, we have H 1(¡ ; V ) = 0 unlessG is locally
isomorphic to SO(n; 1) or SU(n; 1). In fact, if G is locally isomorphic to SO(n; 1) then H 1(¡ ; V ) = 0
unlessV = Hj V0 where V0 is the standard representation on Minkowski spaceRn +1

1 and Hj V0 denotesthe
spaceof harmonic polynomials on V0 of degreej . In this paper, we will considercoe±cients in the standard
representation R4

1; we do so in part becausethis caserepresents the simplest unresolved casein light of
Raghunathan, but more signi¯cantly becauseof an important geometric interpretation of PH 1(¡ ; R4

1) in
terms of bending deformations and their generalizations. We will provide the details of this connection in
x2 and x3, remarking for now that most known constructions of non-zeroclassesin PH 1(¡ ; R4

1) comefrom
the presenceof an embedded totally geodesic surface in the 3-orbifold ¡ nH3. Since the Bianchi orbifolds
(and the arithmetic manifolds commensurablewith them) contain in¯nitely many immersed totally geo-
desicsurfaces[28] we expect computations like the onesin this paper will provide a fruitful testing ground
for any conjectural picture of the deformation theory of SO(3; 1) lattices.

1.3. Main Results. Our main results can be summarizedas follows. In x3, we usethe spectral sequence
associated to a ¡-complex to give a generalization of the bending construction to \branched" totally
geodesic hypersurfaces(including immersed surfaces); see Theorem 3.1. We also obtain, in x4, some
partial results on the generalizedcuspidal cohomologyproblem by making calculations in a ¯nite range,
showing in particular that PH 1(¡ d; R4

1) = 0 for d = ¡ 1; ¡ 2; ¡ 3; ¡ 7; ¡ 11; ¡ 15. Using Theorem 3.1, this has
the consequencethat each of the (in¯nitely many) immersedclosedtotally geodesicsurfacesin the above
mentioned Bianchi orbifolds ¡ dnH3 is \far from embedded" (seex3 for the precisede¯nitions). Finally, we
give an interesting example of a link complement in S3 such that PH 1(¡ ; R4

1) 6= 0, with non-zeroclasses
supported on a piecewisetotally geodesic2-complex. Seex5.

2. Cuspid al cohomology and def orma tion theor y

2.1. In¯nitesimal Deformations. We will review in this sectionthe connectionbetweenthe cohomology
group PH 1(¡ ; R4

1) and deformations of a lattice ¡ in SO(3; 1) into SO(4; 1).
More generally, consider the inclusion ½0 : ¡ ,! SO(n; 1) of a lattice in SO(n; 1) and consider the

spaceof representations Hom(¡ ; SO(n; 1)). The structure of this spacein a neighborhood of ½0 has been
well-understood for sometime; it is a consequenceof the local rigidit y results of Calabi [9] and Garland-
Raghunathan [13] that a neighborhood consistsof representations conjugate to ½0 whenever n > 3 (and in
the cocompact casefor n = 3). Mostow Rigidit y strengthens this to a global result: any discrete, faithful
representation ½2 Hom(¡ ; SO(n; 1)) is conjugate to ½0 (for n ¸ 3). To obtain an interesting deformation
theory, we can include SO(n; 1) ,! SO(n + 1; 1) and study the representation variety Hom(¡ ; SO(n + 1; 1))
in a neighborhood of the inclusion ½0.

Given ½0 2 Hom(¡ ; SO(4; 1)), a deformation of ½0 is a smooth curve ½t : [0; ²] ! Hom(¡ ; SO(4; 1)). The
tangent vector to a deformation ½t at t = 0 can be described by assigningan element of the Lie algebra
so(4; 1) to each element as follows

c(° ) = _½(° )½(° )¡ 1:

The fact that each ½t is a homomorphism di®erentiates to the condition that this function c : ¡ ! so(4; 1)
satis¯es the cocycle condition

c(° 1° 2) = c(° 1) + Ad(° 1)c(° 2)
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for all ° 1; ° 2 2 ¡, hencec 2 Z 1(¡ ; so(4; 1)) is a group cocycle, where the action on so(4; 1) comesfrom
the adjoint representation. Not surprisingly, deformations coming from conjugation in SO(4; 1) produce
tangent vectors in B 1(¡ ; so(4; 1)) and so it is sensibleto think of the group cohomologyH 1(¡ ; so(4; 1)) as
the \space of in¯nitesimal deformations" of ½0 in SO(4; 1).

In what follows we will assumethat ½0 : ¡ ,! SO(3; 1) ½ SO(4; 1). When ½0(¡) contains parabolic
elements, we will only be interested in in¯nitesimal deformations which are trivial on the parabolics. Thus
we de¯ne

PZ 1(¡ ; so(4; 1)) = f c 2 Z 1(¡ ; so(4; 1)) j for parabolic ° 2 ¡ ; c(° ) 2 im(1 ¡ ° )g

and de¯ne the parabolic cohomology

PH 1(¡ ; so(4; 1)) = PZ 1(¡ ; so(4; 1))=B1(¡ ; so(4; 1)):

A critical observation for us is that the Lie algebra so(4; 1) splits when viewed as an SO(3; 1)-module:

so(4; 1) »= so(3; 1) © R4
1

inducing a splitting in cohomology

H 1(¡ ; so(4; 1)) »= H 1(¡ ; so(3; 1)) © H 1(¡ ; R4
1)

and similarly in parabolic cohomology. It is typical in our setup for ¡ to be a lattice in SO(3; 1) in which
caseH 1(¡ ; so(3; 1)) = 0 when ¡ is cocompact [9], [42] and PH 1(¡ ; so(3; 1)) = 0 in the non-cocompact case
by [13]. For trivial coe±cients, the parabolic cohomologycoincideswith the kernel of the restriction map
from H 1(¡ nH3) ! H 1(@(¡ nH3)); the secondauthor [37] showed that the same is true for PH 1(¡ ; R4

1).
Thus, when working on the generalizedcuspidal cohomologyproblem as presented in the intro duction, it
su±ces to compute this parabolic cohomologygroup. To summarize: the cuspidal cohomology of ¡ with
coe±cients in the standard representationparameterizesin¯nitesimal parabolic-preservingdeformations of
¡ into SO(4; 1).

2.2. Kno wn Results. There are only a couple of known vanishing results in this context. Kapovich [23]
has observed that when ¡ is a lattice in SO(3; 1) generatedby two parabolic elements (equivalently when
¡ nH3 is the complement of a hyperbolic two-bridge link in S3 { see[1]) then PH 1(¡ ; R4

1) = 0, in which case
we say ¡ is locally rigid in SO(4; 1). This result is discussed(and applied) in the context of the Bianchi
groups in x4.1 below. For closed3-manifolds, the strongest statement was given by the secondauthor in
[37], where it was shown that one can obtain in¯nitely many locally rigid examplesby Dehn ¯lling on a
locally rigid one-cusped 3-manifold.

In terms of non-vanishing, the bending construction produces non-zero classesin H 1(¡ ; R4
1) in the

presenceof a closed,embedded,two-sidedtotally geodesicsurface(readersunfamiliar with this construction
are directed to x3 where a more general result is proved). There are a handful of other isolated examples
where it has beenshown that H 1(¡ ; R4

1) 6= 0 (e.g. [3], [4], [29], [36], [39]) but nothing is known in general.
Potyagailo has asked when an immersed, non-embedded totally geodesic surfacegives rise to an in¯n-

itesimal deformation into SO(4; 1) (as attributed in [24]). This was a major motivating question for the
present paper, given the abundance of totally geodesic surfacescontained in the Bianchi orbifolds and
their ¯nite covers. We note ¯rst that, by the main result of [27], there always exist (probably large) ¯nite
covers which admit bending deformations. On the other hand, our computations in x4.2 show that there
exist many immersed totally geodesic surfacesin the Bianchi orbifolds that do not give rise to elements
of PH 1(¡ ; R4

1), and in fact the full cohomology group H 1(¡ ¡ 3; R4
1) = 0 for d = ¡ 3. The in¯nitesimal

deformations constructed in x5 are supported on a piecewisetotally geodesic 2-complex in an 12-sheeted
cover of ¡ ¡ 7nH3 but appear not to be supported on a single closedtotally geodesicsurface.

Our broaderstudy of PH 1(¡ ; R4
1) for knot and link complements in S3 wasin°uenced alsoby a conjecture

of Menascoand Reid [30] which states that no hyperbolic knot complement in S3 contains an embedded
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totally geodesicsurface. This conjecture is not addressedin this paper in light of the fact that the ¯gure-
eight knot is the only knot appearing asa ¯nite index subgroupof a Bianchi group (and, aswe will explain
below, PH 1 = 0 in this case).

3. The spectral sequence associa ted to a ¡ -complex

3.1. Preliminaries. Let ¡ be a ¯nitely presented group which acts on a vector spaceV of characteristic
zero.

Given a cellular action of ¡ on a complex X , there is a spectral sequence[8, Ch. VI I] which computes
H 1(¡ ; V ) in terms of the cohomologyof the simplex stabilizers. Things are substantially simpler when the
¡-complex X is contractible, as it will be in our setup. In this case,the E1 term is given by:

E pq
1 = ©H q(¡ ¾; V )

where the direct sum is over a set of representativ e p-cells ¾ and ¡ ¾ is the stabilizer of ¾. If ¿ is a
face of ¾, then the fact that the action is cellular means ¡ ¾ µ ¡ ¿ and so there is a restriction map
H ¤(¡ ¿; V ) ! H ¤(¡ ¾; V ). If ¾= ° ¾0 for a representativ e cell ¾0, then ¡ ¾0 = ° ¡ ¾° ¡ 1 and we may follow
the restriction map by the map induced by conjugation; this composition is essentially d1.

3.2. Branc hed totally geodesic surfaces. We will now describe in more detail a technique for obtaining
non-vanishing results from \nearly embedded" totally geodesicsurfaces.

One way to describe the bending deformations along embeddedtotally geodesicsurfacesis in terms of
the freeproduct with amalgamationor HNN decompositions which they induce. In other words, if a totally
geodesicsurfaceS decomposesa 3-manifold group ¡ into ¡ 1 ¤¼1 (S) ¡ 2, then bending can be expressedas

½t (° ) = ° for ° 2 ¡ 1 and ½t (° ) = ®t ° ®t
¡ 1 for ° 2 ¡ 2

where ®t is a one-parameter family of rotations in SO(4; 1) commuting with the Fuchsian group ¼1(S).
Johnson and Millson [22] work out this point of view in the more general caseof a ¯nite collection of
embeddedsurfacesdecomposing ¡ as a graph of groups.

In¯nitesimally , this amounts to an application of the spectral sequenceof the previous section to the
tree associated to the graph of groups decomposition. The sequencecollapsesto a long exact sequenceof
the form:

H 0(¡ ; R4
1) ! ©H 0(¡ ¿; R4

1) ! ©H 0(¡ ¾; R4
1) ! H 1(¡ ; R4

1) ! ©H 1(¡ ¿; R4
1) ! : : :

where the ¿ are representativ e vertices (hence the ¡ ¿ are fundamental groups of three-dimensional com-
plementary regions) and the ¾are representativ e edges(hence the ¡ ¾ are Fuchsian surfacegroups). The
¯rst two terms above are clearly zero; each H 0 in the next term is one-dimensionaland when included
into H 1(¡ ; R4

1) theseare precisely the tangent vectors to the bending deformations associated to the given
decomposition. In fact, if one is only interested in the deformation-theoretic properties coming from the
given decomposition, it is convenient to imposethe requirement that H 1(¡ ¿; R4

1) = 0 for each vertex ¿ and
de¯ne the resulting classesin H 1(¡ ; R4

1) to be in¯nitesimal bending deformations.
In the caseof a family of (possibly intersecting) immersedtotally geodesicsurfaces,¡ is decomposedas

a complex of groups [24]; and one can attempt to compute deformations and in¯nitesimal deformations of
¡ in this way. Finding integrable deformations appears quite di±cult (this is the content of Potyagailo's
question) so we can begin by computing H 1(¡ ; R4

1) using such a decomposition.
Kapovich and Millson de¯ne a branched total ly geodesicsurface S in a hyperbolic 3-manifold M = ¡ nH3

to be a closed subset that is locally modeled on either a totally geodesic plane or the \binding" of a
collection of (three or more) totally geodesichalf-planesmeeting in a geodesicsegment. The set of points
with neighborhoods of the latter type is the branch locus B . We follow the presentation of [24], though we
allow, additionally, triple points coming from totally geodesicplanescrossingthe branch locustransversely.
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Givensuch a surface,the complexof groupsdecomposition of ¡ comesfrom an action of ¡ on the abstract
complex X \dual" to the universal cover ~S in H3. The vertices of X correspond to the (3-dimensional)
connectedcomponents of H3 ¡ ~S; two verticesare joined by an edgewhen the corresponding subsetsof H3

are separatedby a component of ~S ¡ ~B . The edgescorrespond to thesecomponents of ~S ¡ ~B and the faces
correspond to the components of the branch locus ~B . Fortunately, since we are only interested in ¯rst
cohomology, the 3-dimensionalcells coming from triple points in ~S can be ignored (indeed, the stabilizer
of such a cell is ¯nite and so the relevant column E 1

3;j = ©H j (¡ ¿; R4
1) in the spectral sequencevanishes

anyway).
The action of ¡ on H3 induces an action on the strata and complementary regions of ~S and henceon

X . We assume(1) the normal bundles of the leaves have no holonomy which ensuresthe action has no
edgeinversionsand (2) the fundamental groupsof the 3-dimensionalcomplementary regionsare irreducible
subgroupsof PSL(2; C). Our de¯nitions imply that every edge¾ has a (possibly elementary) Fuchsian
stabilizer ¡ ¾.

We have the following ¯rst order generalization of the bending construction:

Theorem 3.1. Suppose M = ¡ nH3 is a complete hyperbolic 3-manifold containing a branched total ly
geodesic hypersurface S with branch locus B . Let c2 be the number of two-dimensional complementary
regions in S ¡ B (edgesin the complex of groups) with non-elementary Fuchsian fundamental group, and
let c1 be the number of components of B (2-cells in the complexof groups). Then the space of in¯nitesimal
bending deformations supported on S (a fortiori H 1(¡ ; R4

1)) has dimension at least c2 ¡ 2c1.

Proof. In our setup the E 1
0;1 term is a sum

L
H 1(¡ ¿; V ) where the ¡ ¿ are the fundamental groups of

the 3-dimensionalcomplementary regionsand, as above, the in¯nitesimal bending deformations form the
subspaceof H 1(¡ ; R4

1) computed by setting E 1
0;1 = 0. Having declared this, any classeswhich survive in

E 2
1;0 will survive to E 1 . But we get a lower bound on the dimension of this spaceby a trivial dimension

count: By assumption,there arec2 regionsin S¡ B with non-elementary Fuchsian fundamental group; each
such group ¡ ¾ has a one-dimensional¯xed set in R4

1 (the perp of the inde¯nite plane it leaves invariant)
and so dim H 1(¡ ¾; R4

1) = 1. Thus dim E 1
1;0 ¸ c2. But in the worst case,the fundamental group of each

component of the branch locus is a purely hyperbolic element (with a two-dimensional ¯xed set in R4
1) in

which casedim E 1
2;0 = 2c1. Also by assumption, the vertex stabilizers have no invariant vectors in R4

1, so
dim E 1

0;0 = 0. Taking cohomology, we ¯nd dim E 2
1;0 ¸ c2 ¡ 2c1 as desired. ¤

In the non-singular case(c1 = 0), this is precisely the in¯nitesimal version of Johnson and Millson's
graph of groups estimate. Shamelesslyselecting the terminology to ¯t our result, we say S is nearly
embedded when 2c1 < c2.

The contrapositive will be relevant in x4.3, wherewe provide examplesof Bianchi groupsand subgroups
satisfying PH 1(¡ ; R4

1) = 0. In particular the corollary applies to the complements of the ¯gure-eight knot,
Whitehead link, and Borromean rings.

Corollary 3.2. Let M = ¡ nH3 be a complete hyperbolic 3-manifold such that PH 1(¡ ; R4
1) = 0. Then no

immersed closed total ly geodesic surface in M is nearly embedded.

Proof. If a surfaceS werenearly embedded,then the previoustheoremgivesa non-zeroclassz in H 1(¡ ; R4
1)

supported on S. SinceS is compact, z 2 ker(res). But PH 1(¡ ; R4
1) = ker(res) by [37], contradicting the

assumption that PH 1 = 0. ¤

It should be noted that the paper of Kapovich and Millson goesmuch farther in developinga non-abelian
¯rst cohomology variety by means of which one can analyze the harder integrabilit y questions; seealso
[25], [26].
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4. Comput ational techniques

4.1. Geometric argumen ts. Kapovich ¯rst observed in [23] that PH 1(¡ ; R4
1) = 0 whenever ¡ is the

fundamental group of a two-bridge knot complement.

Prop osition 4.1. If ¢ is a lattice subgroup of SO(3; 1) generated by two parabolics, then PH 1(¢ ; R4
1) = 0.

Proof. Let ®0 and ¯ 0 be the parabolic generatorsin SO(3; 1), and let c 2 PZ 1(¢ ; R4
1) µ PZ 1(¢ ; so(4; 1)),

using the splitting discussedin x2.1. Now c(®0) = (1 ¡ ®0)v0, and c(¯ 0) = (1 ¡ ¯ 0)w0 for some
v0; w0 2 so(4; 1), and we can de¯ne two curves of parabolics ®t = exp(tv0)®0 exp(tv0)¡ 1 and ¯ t =
exp(tw0)¯ 0 exp(tw0)¡ 1 in SO(4; 1). The key geometric observation is that any pair of unipotents in
SO(4; 1) leaves invariant a round S2 in S3; to seethis, imagine that the ¯rst ¯xes the point at in¯nit y of
S3 and acts as translation along the x-axis (note that it is essential here that the element is unipotent and
not merely parabolic). The orbit of the point at in¯nit y under the secondunipotent determinesa straight
line `. The plane spannedby ` and the x-axis (union the point at in¯nit y) is the desired2-sphere. Thus
the group generatedby ®t and ¯ t is conjugate back into SO(3; 1). This implies that [c] 2 PH 1(¢ ; so(3; 1))
and hencethat [c] = 0. ¤

Corollary 4.2. PH 1(¡ d; R4
1) = 0 for d = ¡ 1; ¡ 3; ¡ 7.

Proof. Among the Bianchi groups, it is well-known that the groups ¡ d with d = ¡ 1; ¡ 3; ¡ 7 contain
torsion-free ¯nite-index subgroupscorresponding to two-bridge link complements in S3 (it is also known
that these are the only ¡ d with this property [1],[14]). By the proposition, these link complements have
trivial parabolic cohomologyand by a transfer argument we seethat these three Bianchi groups must as
well. ¤

Similarly we have:

Corollary 4.3. PH 1(¡ d; R4
1) = 0 for d = ¡ 2; ¡ 15.

Proof. We usethe existenceof commensurablearithmetic groups generatedby a parabolic and an elliptic
(of orders4 and 6 respectively, see[14]). We begin in the sameway and then must argue that an arbitrary
pair consistingof a ¯nite-order elliptic and a unipotent in SO(4; 1) leavesinvariant a round S2 in S3. Again
conjugate so that the unipotent ¯xes in¯nit y and translates along the x-axis. Let C be the center of the
Euclidean circle in S3 ¯xed by the elliptic, and let ` be the line through C perpendicular to the plane
containing the ¯xed circle. The plane spannedby ` and the line through C in the direction of the x-axis is
left invariant and therefore de¯nes the desiredS2. Finally, since thesegroups are merely commensurable,
we have checked via explicit computation of the transfer maps(using the generatorsgiven in [14]) that the
intersectionswith ¡ ¡ 2 and ¡ ¡ 15 also have vanishing PH 1. ¤

4.2. Fox calculus. We will now recall a convenient computational formalism due to R. H. Fox [11, 12];
our presentation follows Goldman [15], who usedthis approach in the casethat ¡ is a closedsurfacegroup.

Let Fm denote the free group on m generators. A derivation of the group ring ZFm is an element
D 2 Z 1(Fm ; ZFm ) which can be thought of as a Z-linear map from ZFm to itself, satisfying

(1) D(®¯ ) = ²(¯ )D (®) + ®D(¯ ):

There are certain distinguished derivations @i = @
@x i

corresponding to the generators of Fm ; these are
de¯ned by @i x j = ±ij . The f @i g satisfy many of the formal properties of freshman calculus, including the
\mean value theorem":

(2) a ¡ ²(a) =
X

(@i a)(x i ¡ 1)

for any a 2 ZFm .
The spaceof cocyclesfor a free group is quite simple, as the next proposition shows.
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Prop osition 4.4. There is an isomorphism between V m and Z 1(Fm ; V ) given by

(3) (v1; : : : ; vm ) 7! (g 7!
mX

i =1

(@i g)vi )

Proof. It trivial to check that the expressiongiven in (3) de¯nes a cocycle. On the other hand, an arbitrary
cocycle c 2 Z 1(Fm ; V ) satis¯es

c(g) = c(g ¡ 1)

= c
³ X

(@i g)(x i ¡ 1)
´

=
X

(c(@i g)²(x i ¡ 1) + (@i g)c(x i ¡ 1))

=
X

(@i g)c(x i ):

(4)

for any g 2 Fm . This de¯nes an inverseto the map in (3) by sendingc to (c(x1); : : : ; c(xm )) 2 V m . ¤

Now if ¡ has a ¯nite presentation f x1; : : : ; xm j r 1; : : : ; r pg, then Z 1(¡ ; V ) is in one-onecorrespondence
with

(5) f c 2 Z 1(Fm ; V ) j c(r j ) = 0 for j = 1; : : : ; pg

which in turn is isomorphic to

(6) f (v1; : : : ; vm ) 2 V m j
mX

i =1

(@i r j )vi = 0 for j = 1; : : : ; pg

by Proposition 4.4. This is the form which will be most useful for computations. We call the matrix
F = (@i r j ) the Fox matrix corresponding to the presentation.

Suppose, returning to our primary setup, that ¡ is a lattice in SO(3; 1) generated by parabolics
x1; : : : ; xm (e.g. the fundamental group of a hyperbolic link complement as in x5 below). As above
Z 1(¡ ; R4

1) = kerF ; while in the caseof parabolic cohomology, we have that PZ 1(¡ ; R4
1) consists of m-

tuples of the form ((1 ¡ x1)v1; : : : ; (1 ¡ xm )vm ) 2 V m in kerF . In practice, we compute kerF P where P
is the block diagonal matrix with 4 by 4 blocks (1 ¡ x j ) and then throw out coboundaries (of the form
(v; : : : ; v)) and elements of kerP.

Sincewe are only concernedwith linear algebra in theseFox matrix calculations, we are free to choose
a convenient basis for R4

1 tailored to the group at hand. Recalling that the representation of SO(3; 1)0 on
R4

1 is equivalent to the action of PSL(2; C) on the spaceof 2 by 2 Hermitian matrices A ¢Q = AQ ¹A t , we

select the following Hermitian matrices as basiselements when working with ¡ d:
µ

0 !
¹! 0

¶
,

µ
0 1
1 0

¶
,

µ
¡ 1 0
0 1

¶
,

µ
1 0
0 1

¶
, where ! = 1+

p
d

2 . Having done so, all entries of the Fox matrix will be integers

or half-integers, facilitating calculation with the modern electronic computer.
We have performed thesecalculations for several of the exampleswith explicit presentations in [38] and

[10]. We restrict ourselves to a brief discussionof the results for d = ¡ 1; ¡ 3 and how they relate to our
bending results from x3.

We know [38] that ¡ ¡ 1 has the following presentation:

< T; U; L; AjA2; L 2; (AL )2; (TL)2; (UL)2; TUT ¡ 1U ¡ 1; (TA)3; (UAL )3 >

where T =
µ

1 1
0 1

¶
, U =

µ
1 i
0 1

¶
, L =

µ
¡ i 0
0 i

¶
, and A =

µ
0 ¡ 1
1 0

¶
.

¡ ¡ 3 has the following group presentation:

< T; U; L; AjA2; L 3; (AL )2; L ¡ 1TLU T; L ¡ 1ULT ¡ 1; TUT ¡ 1U ¡ 1; (TA)3; (UAL )3 >
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where T =
µ

1 1
0 1

¶
, U =

µ
1 !
0 1

¶
, L =

µ
! 2 0
0 !

¶
, and A =

µ
0 ¡ 1
1 0

¶
.

In each case,a direct computation as outlined above recovers the fact that PH 1(¡ d; R4
1) = 0. More is

true, however; it turns out that H 1(¡ ¡ 3; R4
1) = 0, providing a strong negative answer to the question raised

by Potyagailo in this case. We have looked for, but have not yet found, a concrete geometric argument
along the lines of the previous subsectiondirectly accounting for this rigidit y.

We contrast this result with the observation that for d 6= ¡ 1; ¡ 3, the modular surface is embedded
and two-sided(see[10]), hencesupports a bending deformation; this shows that dim(H 1(¡ d; R4

1)) ¸ 1. Of
course,sincethe modular surfaceis cusped, thesedeformations are not trivial on parabolics and therefore

do not de¯ne classesin PH 1. If d = ¡ 1 on the other hand, then the matrix
µ

i 0
0 ¡ i

¶
maps the plane P

in the upper half spacemodel lying over the real line onto itself, but reversesthe normal bundle, making

the modular surface one-sided. Similarly, if d = ¡ 3, then the matrix T =
µ

! 2 0
0 ¡ !

¶
, maps P to a

plane TP that intersects P. Hence the modular surface is immersed in this case,and does not support
even a ¯rst order deformation.

The only new value of d for which the Fox calculusapproach gave a vanishing result wasd = ¡ 11 (again
using the presentation from Swan). We summarize the computations of this and previous section in the
following

Theorem 4.5. PH 1(¡ d; R4
1) = 0 for d = ¡ 1; ¡ 2; ¡ 3; ¡ 7; ¡ 11; ¡ 15. Thus, for thesevaluesof d, none of

the in¯nitely many immersed closed total ly geodesic surfaces in the orbifold ¡ dnH3 is nearly embedded.

4.3. Mendoza complex. For a hyperbolic 3-manifold M = ¡ nH3 with t toral boundary components, we
will seebelow

dim(PH 1(¡ ; R4
1)) = dim H2(M ; R4

1) ¡ t
Note that this is di®erent from the trivial coe±cient casewhere

dim(PH 1(¡ ; R)) = dim H2(M ; R) ¡ t + 1:

For completeness,we will recall how to obtain this result for trivial coe±cients, and describe why we obtain
a slightly di®erent result for non-trivial coe±cients.

Our starting point is the following well-known fact about the cohomologyof 3-manifolds (see[37] for a
proof):

Prop osition 4.6. Let M be a compact, oriented 3-manifold with fundamental group ¡ , and let V be a
vector space of characteristic zero acted upon by ¡ . Assume@M consists of tori. Then

dim H 1(¡ ; V ) = dim kerres+ dim H 0(¼1(@M ); V ):

where res denotesthe restriction on ¯rst cohomology.

Now consider the long exact sequencein cohomologyfor the pair (M ; @M ):

H 0(M ; V ) ! H 0(@M ; V ) ! H 1((M ; @M ); V ) ! H 1(M ; V ) ! H 1(@M ; V ) !

H 2((M ; @M ); V ) ! H 2(M ; V ) ! H 2(@M ; V ) ! H 3((M ; @M ); V ) ! 0
For brevity, write x = dim kerres in what follows. When V = R, we have dim H 0(¼1(@M ); R) = t and

so dim H 1 = x + t. The sequencebecomes:

R ! Rt ! Rx + t ¡ 1 ! Rx + t ! R2t ! Rx + t ! Rx + t ¡ 1 ! Rt ! R ! 0
In the caseof R4

1 coe±cients, it is still the casethat dim H 0(¼1(@M ); R4
1) = t (each parabolic Z © Z

corresponding to a boundary component has a single ¯xed (null) vector in R4
1). The sequencebecomes:

0 ! (R4
1)t ! (R4

1)x + t ! (R4
1)x + t ! (R4

1)2t ! (R4
1)x + t ! (R4

1)x + t ! (R4
1)t ! 0 ! 0
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Sincedim H2(M ; V ) = dim H 1(M ; @M ) by dualit y, the assertionsat the beginning of the section follow
immediately.

It is illuminating to consider the map H 0(@M ; V ) ! H 1((M ; @M ); V ). Suppose that @M = T 2, i.e.
the boundary consists of a single torus. A 2-cycle supported on @M comesfrom H 0(M ) with trivial
coe±cients, and obviously this classdoes not survive in H 1((M ; @M )) = H2(M ). On the other hand, a
classin H 0(@M ; R4

1) comesfrom the null vector in R4
1 ¯xed by the parabolic Z © Z subgroup; since this

vector is not invariant under all of ¼1(M ) (in fact, no vector is), this classsurvives in H 1((M ; @M ); R4
1).

This accounts for the di®erencein dimension of the cuspidal cohomology with trivial and non-trivial
coe±cients.

Vogtmann [41] usedthe MendozaComplex to compute the dimension of the cuspidal cohomologywith
rational coe±cients. The Mendoza complex is also a very useful tool for computing cuspidal cohomology
with twisted coe±cients. We will give a short description of the relevant de¯nitions and results. For a
more complete description we refer the reader to the original paper by Vogtmann [41].

The Siegel distance betweena point (z; r ) in H3 and a cusp¸ 2 Q(
p

d), where¸ = ®
¯ , ®; ¯ 2 Od is given

by

d((z; r ); ¸ ) =
k¯ z ¡ ®k2 + k¯ r k2

r N < ®; ¯ >
Where kk is the standard complex norm, and N < ®; ¯ > is the norm of the ideal of Od generatedby
® and ¯ . Recall that the norm of an ideal can be computed in several di®erent but equivalent ways. If
< ®; ¯ >< ®; ¯ > = < n > , where n 2 Z then we say N < ®; ¯ > = n. Alternativ ely, we can think of
N < ®; ¯ > as the index of the lattice generatedby ® and ¯ in the lattice generatedby 1 and ! .

Given a cusp ¸ , we de¯ne the minimal incidence set H (¸ ) as follows:

H (¸ ) = f (z; r ) j d((z; r ); ¸ ) · d((z; r ); ¹ ) for all cusps¹ 6= ¸ g:

In other words, the minimal incidence set of a cusp ¸ is the closure of the set of points in H3 which are
closer to ¸ than to any other cusp. The Mendozacomplex X d is given by

X d =
[

¸ 6= ¹

H (¸ ) \ H (¹ ) =
[

¸

@H (¸ )

Mendoza [31] proved the following theorem:

Theorem 4.7. (Mendoza)
(1) X d is an SL(2; Od)-invariant, two-dimensional CW-complex, with cellular SL(2; Od) action.
(2) X d is a deformation retract of H3 by an SL(2; Od)-invariant deformation retraction.
(3) X d=SL(2; Od) is a ¯nite CW-complex.

In the next section,we actually perform the sameconstruction for a torsion-free ¯nite index subgroupof
a Bianchi group, giving a Mendoza-like complex upon which the group acts freely. Sincethis is a manifold
and not an orbifold, we may apply the dualit y results from earlier in this sectionto obtain dim PH 1 directly
from H 2 of the complex.

Example 1. The ¯gure-eight knot complement has a fundamental domain consisting of two ideal tetra-
hedra. Straightforward computations show that, combinatorially , the Mendozacomplex X coincideswith
a standard spine in each of the tetrahedra.

Having computed the explicit elements of PSL(2; C) which identify the edgesof X , it is fairly straight-
forward to compute the boundary matrix from C2(X ; R4

1) ! C1(X ; R4
1). This yields dim H 2(X ; R4

1) = 1
and hence (as expected by the two parabolics argument above) dim PH 1(¡ ; R4

1) = 0. Recall then that
Corollary 3.2 applies and there are no nearly embedded immersed totally geodesic surface in the ¯gure-
eight knot complement. This result mitigates in part someof the frustration felt by the authors after failed
attempts at constructing explicit ¯nite covers of Dehn ¯llings in which thesesurfaceslift to embeddings.
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Figure 1. The link 82
14

5. A link complement in the three-sphere

A pleasant by-product of our calculations of PH 1 for the Bianchi groups was the discovery of a certain
2-component link in S3 with non-zero parabolic cohomology supported on a piecewisetotally geodesic
2-complex analogousto the Mendoza complex. We should mention that in earlier unpublished work, the
secondauthor showed that PH 1 is two-dimensional for every Turk's head link { seethe discussionin the
¯nal section of [36].

The ¯nite index subgroups of ¡ ¡ 7 have been studied in great detail by for instance Grunewald and
Hirsch. It hasbeenknown for sometime that there is a tessellationof H3 by ideal triangular prisms which
is invariant under ¡ ¡ 7. We will be consideringa certain index 12 torsion-free subgroup ¡ of ¡ ¡ 7 (denoted
¡ ¡ 7(12; 21) in [16]) which has a pair of these prisms as a fundamental region, and such that ¡ nH3 is
homeomorphicto the complement in S3 of the link 82

14 depicted in ¯gure 1. It had beenshown previously
by Hatcher that this link is commensurablewith ¡ ¡ 7 (see¯gure 15 of [21] and section 6.8 of [40]).

We have the following presentation of ¡ from [16]:

¡ = f x; y; z j xyx ¡ 1y¡ 1zy¡ 1x ¡ 1zxz ¡ 1xzx ¡ 1z¡ 1; xyx ¡ 1y¡ 1zy¡ 1zx ¡ 1z¡ 1y¡ 1zxz ¡ 1yz¡ 1yg:

We may choosex, y, and z so that x =
µ

1 1
0 1

¶
, y =

µ
1 0

¡ 2 + 2! 1

¶
, and z =

µ
¡ 1 !
¡ ! ! ¡ 3

¶
. We

may once again choosethe basis of x4.2 for R4
1:

µ
0 !
¹! 0

¶
,

µ
0 1
1 0

¶
,

µ
¡ 1 0
0 1

¶
,

µ
1 0
0 1

¶
. Doing

so, the elements mentioned above are given by

x =

0

B
B
@

1 0 0 0
0 1 1 1

¡ 1
2 ¡ 1 1

2
¡ 1
2

1
2 1 1

2
3
2

1

C
C
A ; y =

0

B
B
@

1 0 2 2
0 1 0 0

¡ 4 ¡ 1 ¡ 3 4
¡ 4 ¡ 1 4 5

1

C
C
A ; z =

0

B
B
@

5 1 ¡ 2 ¡ 4
¡ 4 0 1 3
¡ 7
2 0 5

2
7
2

¡ 15
2 ¡ 1 7

2
13
2

1

C
C
A :

Direct computation shows that

@r 1

@x
= 1 ¡ xyx ¡ 1(1 + y¡ 1zy¡ 1x ¡ 1(1 ¡ z(1 + xz ¡ 1(1 ¡ xzx ¡ 1)))) ;

@r 1

@y
= x(1 ¡ yx ¡ 1y¡ 1(1 + zy¡ 1)) ;

@r 1

@z
= xyx ¡ 1y¡ 1(1 + zy¡ 1x ¡ 1(1 ¡ zxz ¡ 1(1 ¡ x(1 ¡ zx ¡ 1z¡ 1)))) ;

@r 2

@x
= 1 ¡ xyx ¡ 1(1 + y¡ 1zy¡ 1zx ¡ 1(1 ¡ z¡ 1y¡ 1z))

@r 2

@y
= x(1 ¡ yx ¡ 1y¡ 1(1 + zy¡ 1(1 + zx ¡ 1z¡ 1y¡ 1(1 ¡ zxz ¡ 1(1 + yz¡ 1)))))
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Figure 2. The Mendozacomplex for S3 n 82
14

@r 2

@z
= xyx ¡ 1y¡ 1(1 + zy¡ 1(1 ¡ zx ¡ 1z¡ 1(1 ¡ y¡ 1(1 ¡ zxz ¡ 1(1 + yz¡ 1))))) :

Unfortunately, z is not parabolic in this presentation, soit is convenient to rectify this with the following
stratagem: If we intro duce a new generator z0 = zxz ¡ 1, the ¯rst relation (rearranged a bit) implies that
z = yxy ¡ 1x ¡ 1z0x ¡ 1(z0)¡ 1xy so f x; y; z0g is a generating set. Clearly z0, as a conjugate of x, is parabolic

(it is, in fact,
µ

¡ ! + 1 1
2 ¡ ! ! + 1

¶
).

The setup of x4.2 and a computer-assistedcalculation of the Fox matrix shows then that PZ 1(¡ ; R4
1)

is 5-dimensional. Sincethe generatorshave no common ¯xed vector in R4
1, B 1 is four-dimensional and we

seedim PH 1(¡ ; R4
1) = 1. In fact a generating cocycle can be taken to be 0 on the generatorsx and y and

vector [0; 1; ¡ 2; 0] on z0.
We now discussthe samecomputation in light of the results of x4.3; it was shown there that to obtain

the parabolic cohomologyit su±ces to compute H 2(X ; R4
1) for the Mendozacomplex X . The goal here is

to acquire someinformation about the supporting piecewisetotally geodesicsurface. We mentioned above
that the fundamental domain for this link complement is given by two ideal double prisms as shown in
¯gure 2.

Given that ! = 1+
p

¡ 7
2 , we have A = 0; B = !

2 ; C = ! ; D = ! +1
2 ; E = 1; F = 1 ; G = 1¡ !

2 ; H =
1 ¡ ! ; I = 2¡ !

2 ; A0 = 0; B 0 = 2! ¡ 1
7 ; C0 = 3! ¡ 2

8 ; D 0 = 3! ¡ 1
8 ; E 0 = !

2 ; F 0 = ! ¡ 1
2 ; G0 = 1 , and I 0 = ! .

The necessaryidenti¯cations are:
µ

1 !
¡ ! 3 ¡ !

¶
: f AF H Gg ! f C0F 0E 0D 0g;

µ
1 ¡ 1
0 1

¶
: f CDEF g ! f H 0F 0A0G0g;

µ
! ¡ 1 ! + 2
! + 2 5 ¡ 4!

¶
: f G0H 0I 0g ! f D 0B 0C0g;

µ
1 ¡ 2! ! + 2
¡ 2 ¡ ! 3 ¡ !

¶
: f GH I g ! f B DCg;

µ
1 0
0 1

¶
: f AB CF g ! f A0E 0I 0G0g;

µ
¡ ! ¡ 1 !
! ¡ 2 1

¶
: f AB DEg ! f I 0H 0F 0E 0g;

µ
¡ 1 1

2! ¡ 2 1 ¡ 2!

¶
: f AE I Gg ! f B 0A0E 0D 0g;

µ
1 ! ¡ 1

¡ ! 3

¶
: f F H I Eg ! f F 0A0B 0C0g:
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Figure 3. Subcomplex of the Mendozacomplex supporting a non-zero in¯nitesimal deformation

As expected, PH 1(¡ ; R4
1) is again one-dimensional,but examining the kernel of the boundary operator

shows that the classesare supported on the subcomplex of X shown (combinatorially) in ¯gure 3. Note
that this is a piecewisetotally geodesicsurfacewith one intersection curve and onecomplementary region.
It appears to be distinct from the cyclesone gets from any of the immersed totally geodesic surfacesin
the link complement.

References

1. C. C. Adams, Hyperbolic 3-manifolds with two generators , Comm. Anal. Geom. 4 (1996), no. 2, 181{206. 3, 6
2. R. C. Alp erin, Homology of SL 2 (Z [! ]), Comment. Math. Helv. 55 (1980), no. 3, 364{377. 1
3. B. N. Apanasov, Deformations of conformal structur es on hyperbolic manifolds , J. Di®erential Geom. 35 (1992), no. 1,

1{20. 3
4. B. N. Apanasov and A. V. Tetenov, Deformations of hyperbolic structur es along surfaces with boundary and pleated

surfaces, Low-dimensional top ology (K. Johannson, ed.), Conf. Pro c. and Lecture Notes in Geom. and Topology, vol. 3,
In ternational Press, Cambridge, Mass., 1994, pp. 1{14. 3

5. M. D. Baker, Rami¯e d primes and the homology of the Bianchi groups, IHES Preprin t, 1982. 2
6. L. Bianchi, Sui gruppi di sostituzioni lineari con coe±cienti appartenenti a corpi quadratici immaginari , Math. Ann. 40

(1892), 332{412. 1
7. A. Borel and N. R. Wallach, Continuous cohomology, discrete subgroups, and representations of reductive groups, Ann.

of Math. Stud., vol. 94, Princeton Univ. Press, Princeton, 1980. 2
8. K. S. Brown, Cohomology of groups, Grad. Texts in Math., vol. 87, Springer-V erlag, New York-Berlin-Heidelb erg, 1982.

4
9. E. Calabi, On compact, Riemannian manifolds with constant curvatur e, I , Di®erential geometry (C. B. Allendo erfer,

ed.), Pro c. Sympos. Pure Math., vol. 3, Amer. Math. Soc., Providence, 1961, pp. 155{180. 2, 3
10. B. L. Fine, Algebraic theory of the Bianchi groups, Monogr. Textb ooks Pure Appl. Math, vol. 129, Marcel Dekker, Inc.,

New York, 1989. 7, 8
11. R. H. Fox, Free di®erential calculus. I. Derivation in the free group ring , Ann. of Math. (2) 57 (1953), no. 3, 547{560. 6
12. , Free di®erential calculus. II. The isomorphism problem of groups, Ann. of Math. (2) 59 (1954), no. 2, 196{210.

6



GENERALIZED CUSPID AL COHOMOLOGY 13

13. H. Garland and M. S. Raghunathan, Fundamental domains for lattic es in (R-)r ank 1 semisimple Lie groups, Ann. of
Math. (2) 92 (1970), no. 2, 279{326. 2, 3

14. F. W. Gehring, C. Maclachlan, and G. J. Martin, Two-generator arithmetic Kleinian groups. II , Bull. London Math.
Soc. 30 (1998), no. 3, 258{266. 6

15. W. M. Goldman, The symplectic natur e of fundamental groups of surfaces, Adv. Math. 54 (1984), no. 2, 200{225. 6
16. F. Grunewald and U. Hirsch, Link complements arising from arithmetic group actions , In ternat. J. Math. 6 (1995), no. 3,

337{370. 10
17. F. Grunewald and J. Schwermer, Arithmetic quotients of hyperbolic 3-space, cusp forms and link complements, Duk e

Math. J. 48 (1981), no. 2, 351{358. 2
18. A. Guichardet, Cohomologie des groupes topologiques et des algµebres de Lie , Textes Math ¶ematiques, vol. 2, CEDIC,

Paris, 1980. 2
19. G. Harder, On the cohomology of discrete arithmetic al ly de¯ned groups, Discrete subgroups of Lie groups and applications

to moduli, Tata Studies in Mathematics, vol. 7, Oxford Univ. Press, Oxford, 1975, pp. 129{160. 2
20. , On the cohomology of SL (2; O), Lie groups and their representations (I. M. Gelfand, ed.), Wiley , New York,

1975, pp. 139{150. 1, 2
21. A. E. Hatcher, Hyperbolic structur es of arithmetic types on some link complements, J. London Math. Soc. (2) 27 (1983),

no. 2, 345{355. 10
22. D. L. Johnson and J. J. Millson, Deformation spaces associated to compact hyperbolic manifolds , Discrete groups in

geometry and analysis. Papers in honor of G. Mostow on his sixtieth birthda y (R. E. Howe, ed.), Progr. Math., vol. 67,
BirkhÄauser, Boston-Basel-Berlin, 1987, pp. 48{106. 4

23. M. µE. Kap ovich, Deformations of representations of discrete subgroups of SO(3; 1), Math. Ann. 299 (1994), no. 2,
341{354. 3, 6

24. M. µE. Kap ovich and J. J. Millson, Bending deformations of representations of fundamental groups of complexes of groups,
Preprin t, 1996. 3, 4

25. , On the deformation theory of representations of fundamental groups of compact hyperbolic 3-manifolds , Topology
35 (1996), no. 4, 1085{1106. 5

26. , The relative deformation theory of representations and °at connections and deformations of linkages in constant
curvatur e spaces, Compositio Math. 103 (1996), no. 3, 287{317. 5

27. D. D. Long, Immersions and embeddings of total ly geodesic surfaces, Bull. London Math. Soc. 19 (1987), no. 5, 481{484.
3

28. B. Maskit, Kleinian groups, Grundlehren Math. Wiss., vol. 287, Springer-V erlag, New York-Berlin-Heidelb erg, 1987. 2
29. J. Maub on, Variations d'entr opies et d¶eformations de structur es conformes plates sur les vari ¶et¶es hyperboliques com-

pactes, Preprin t, 1999. 3
30. W. W. Menasco and A. W. Reid, Total ly geodesic surfaces in hyperbolic link complements, Topology '90 (B. N. Apanasov,

W. D. Neumann, A. W. Reid, and L. C. Siebenmann, eds.), Ohio State Univ. Math. Res. Inst. Publ., vol. 1, de Gruyter,
Berlin-New York, 1992, pp. 215{226. 3

31. E. R. Mendoza, Cohomology of P GL 2 over imaginary quadratic integers, Ph.D. thesis, Rheinische Friedric h-Wilhelms-
Univ ersitÄat Bonn, 1979. 1, 9

32. J. J. Millson, A remark on Raghunathan's vanishing theorem, Topology 24 (1985), no. 4, 495{498. 2
33. M. S. Raghunathan, On the ¯rst cohomology of discrete subgroups of semisimple Lie groups, Amer. J. Math. 87 (1965),

no. 1, 103{139. 2
34. R. F. Riley, Applic ations of a computer implementation of Poinc ar¶e's theorem on fundamental polyhedra, Math. Comp.

40 (1983), no. 162, 607{632. 1
35. J. Rohlfs, On the cuspidal cohomology of the Bianchi modular groups, Math. Z. 188 (1985), no. 2, 253{269. 2
36. K. P. Scannell, In¯nitesimal deformations of some SO(3; 1) lattic es, Paci¯c J. Math. 194 (2000), no. 2, 455{464. 3, 10
37. , Local rigidity of hyperbolic 3-manifolds after Dehn surgery, Duk e Math. J. 114 (2002), no. 1, 1{14. 3, 5, 8
38. R. G. Swan, Generators and relations for certain special linear groups, Adv. Math. 6 (1971), no. 1, 1{77. 1, 7
39. S. P. Tan, Deformations of °at conformal structur es on a hyperbolic 3-manifold , J. Di®erential Geom. 37 (1993), no. 1,

161{176. 3
40. W. P. Th urston, The geometry and topology of three-manifolds , Princeton Univ., Princeton, 1982. 10
41. K. Vogtmann, Rational homology of Bianchi groups, Math. Ann. 272 (1985), no. 3, 399{419. 1, 9
42. A. Weil, On discrete subgroups of Lie groups. II. , Ann. of Math. (2) 75 (1962), no. 3, 578{602. 3
43. R. Zimmert, Zur SL 2 der ganzen Zahlen eines imaginÄar-quadr atischen ZahlkÄorpers, Invent. Math. 19 (1973), no. 1,

73{81. 2



14 ANNEKE BAR T AND KEVIN P. SCANNELL

Depar tment of Ma thema tics and Computer Science, Saint Louis University, St. Louis, Missouri 63103
E-mail address, Annek e Bart: barta@slu.edu

E-mail address, Kevin P. Scannell: scannell@slu.edu


	1. Introduction
	1.1. Bianchi Groups
	1.2. Generalized Cuspidal Cohomology
	1.3. Main Results

	2. Cuspidal cohomology and deformation theory
	2.1. Infinitesimal Deformations
	2.2. Known Results

	3. The spectral sequence associated to a -complex
	3.1. Preliminaries
	3.2. Branched totally geodesic surfaces

	4. Computational techniques
	4.1. Geometric arguments
	4.2. Fox calculus
	4.3. Mendoza complex

	5. A link complement in the three-sphere

