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>_4,n compact orientable surface of genus g with n >
O boundary components

[gn=m1 (Zg,n)

GOAL: Study of Hom(I" 4 », G) where
G 1s a semisimple Lie group with finite center.
More precisely:
— Isolate interesting subsets and understand
the tools to do this;
— put in relation these subsets with geometric
structures on >_g .



(1) Riemann surface=2_, + hyperbolic metric

(2) Any complete simply connected surface with a met-
ric of constant negative curvature —1 is isometric to
the Poincaré disk D2

(1)+(2) = X4 ~ D?/A
m1(Zgn) ~ A <Isom(D?) = PU(1,1)
discrete and acts properly discontinuously on D?

T4: = {hyp. structureson X4}/ ~
(Teichmduller space)



(p: T4 —SU(1,1))
hyp. mtr. on Zg} homomorphism, s.t
oy g

’]'g s
(top.)g > 2

p IS Injective and

| p(I"y) discrete

(~~» = some identifications are needed).

Other characterizations
o T, ~ RO~
e 74 is alevel set of a function

T : Hom (rg, PU(1, 1)) ~R

with the ;
— | T(p)| £ C4, Cy=constant
— T (p) computable from the definition of I
In terms of generators.

We say that p is maximal if T (p) = C.

Theorem (Goldman, 1980) Maximal representations
of "4 correspond exactly to hyperbolic metrics.




HIGHER TEICHMULLER THEORY

More generally, p : 'y — G, G Hermitian Lie group
(the associate symmetric space X' has a
non-denegerateG-invariant differential 2-form w y)

Partial results:
Toledo (PU(1,n), 1989), Hernandez (PU(2,n), 1991)

Theorem (Burger—I.—Wienhard, 2003, 2006)

G a Hermitian Lie group, p : g n — G maximal
xX(XZgn) < —1. Then:

The representation p is injective and with
discrete image.




Much more can be said:

Theorem (Burger—I.—Wienhard, 2003, 2006)

G a Hermitian Lie group p : I g.n — G maximal

1. p(l‘g,n)Z —: L is reductive;
2. The symmetric space ) associated to L is Hermi-

tian of tube type and is isometrically embedded in
the symmetric space X associatedto GG, Y — X;

3. p(m(Zg,n)> leaves invariant a maximal tube type
subdomain.

Remark
o {Hermitian symm.} = {tube type }+{non-tube type};
o Most Hermitian symmetric spaces of tube type
can arise as ) for a fixed X.
Partial results

- Bradlow—Garcia-Prada—Gothen if 93>, , = ()
(PU(p, q), 2003; SO*(2n), 2005);
- Koziarz—Maubon (PU (1, n), 2003);

- related results by Hitchin Labourie (if 034, = 0),
and Fock—Goncharov.




TOOLS AND DEFINITIONS

Tools: Bounded continuous cohomology for
(locally compact topological) groups

(Monod, Burger—Monod, Burger—I., 2000, 2001).

(Continuous) cohomology = quotient of spaces of func-
tions

Bounded (continuous) cohomology = quotient of spaces
of bounded functions

ker{d : C,(G"T1) = C(G"T2)}

Hep(G) = im{d: C,(G") — Cp(GnT+1)}

Striking difference IN'g p >~ Fo,4,,_1 and

H?(Tgn) =0  but  dimHZ(Myn) = oo



Definition of T (p).

1.

2.

3.

Y

QQ(‘X) Van Est Hg(G) B%M Hgb(G)

w b
X integration on geodesic simplices Yy

(obvious definition)

H2(Mgn) ~ H2(Zgn) ~ H2(Zgn, 0 g.n)
(easy statement + amenability of the fundamental
group of the boundary components)

H%(Zg,n, aZgﬂq/) — HQ(Zg,n, azg,n)
duality between relative cohomology and relative

homology and evaluation against the relative fun-
damental class.



Definition of T (p)

wy € QQ(X) Hgb(G)

p*(/ﬁ:tj{) C HQ(Zg,n, 0% g.n)

T(p) == (p*(6%), [Zgn, 0% gn])

Interesting properties

1. If 3> = ZlﬁZQ and
p; - m1(X;) — Gistherestrictionof p : > — G,
then

T(p) = T(p1) + T(p2)

2. T(p) takes discrete values if 0>, ,, = and con-
tinuous values otherwise.



Symplectic Anosov Structures

V areal vector space with a symplectic form (-, -)

[" a hyperbolization of 4 corresponding to > = N'\D
p: I — Sp(V) arepresentation

Construct the flat bundle E? with fiber V' over the unit
tangent bundle 713 of the hyperbolic surface >

EP :=T\(T'DxV) - T!s

The geodesic flow on 713 lifts to 71D and can be
extended to E7 (trivially to V)

The bundle E” is endowed with a symplectic form and
if J : T1>X — End(EP) is a complex structure, we
say that J is positive if

(., J):EPx B - R

IS positive definite on each fiber.



Theorem [Burger—I|.—Labourie-Wienhard] Assume that
p IS maximal. Then there is a splitting into continuous
Lagrangian subbundles

p— P p
E —E_|_QBE_

such that
e J interchanges E* and Efl_
e forall ¢t > 0,
lgfell < e=|l¢] for all ¢ € B
and

lg” €|l < e~ t||¢| forall € € E” .

Corollary Assume that p is maximal. Then
p: g — Sp(V) is a quasiisometric embedding.
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Classical Simple Groups of Hermitian Type

e SU(p,q) :={9€SL(p+¢,C) : ¢"'Ip g = Ipq}
(leaves invariant an hermitian form (z, w) = (w, z)

e Sp(2n,R) = {g € GL(2n,R) : (gx,gy) =
(z,y)}

(symplectic form (z, w) = —(w, z))

e SO*(2n) := {g € SO(2n,C) : ¢'Jng = Jn}
= {g € SL(2n,C) : g'Jng = Jn, g'9g = Io}

¢ SO(2,n) :={g € SL(n+2,C) : g'Ir g = Io 4}

where I, , = <_OIp f) and J, = ( OI Ig)
q —In
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